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Abstract
Wall shear stress (WSS) governs near-wall transport dynamics and is a key hemodynamic indicator

in cardiovascular flows, yet remains difficult to infer accurately due to the need for precise computation
of near-wall velocity gradients. Passive scalar fields, such as concentration or temperature, are advected
by the same underlying velocity field and have the potential to uncover hidden flow physics metrics
such as WSS. In this work, we demonstrate such reconstruction from spatially limited passive scalar
observations using two fundamentally different inverse frameworks: a differentiable physics framework
based on discrete adjoint, PDE-constrained optimization, which enforces the governing equations as
hard constraints, and physics-informed neural networks (PINNs), which treat them as soft constraints.
Benchmark problems include a 2D canonical backward-facing step (2D-BFS) and a 3D patient-specific
stenotic coronary artery. For the 2D-BFS case, evaluated under three measurement scenarios (near-wall,
far-field, and combined), PINN achieves high accuracy when near-wall data are available but fails when
restricted to far-field measurements, whereas the differentiable physics approach recovers accurate WSS
across all scenarios. In the 3D patient-specific case, the differentiable physics framework outperforms
PINNs, yielding accurate WSS reconstruction. These results establish that measurement location and
inverse formulation jointly determine reconstruction fidelity in scalar-based near-wall flow inference. The
proposed framework opens a path toward estimation of near-wall hemodynamics from scalar transport
data, with broader applicability to fluid flow problems where passive scalars can be observed.

Keywords: Scientific machine learning; Near-wall flow physics; Differentiable solver; Multiphysics inverse
modeling; Blood flow

1 Introduction
Fluid flow near solid boundaries exerts tangential stresses that drive transport, structural response, and
biological adaptation across a wide range of systems. Wall shear stress (WSS), the tangential force per unit
area acting on a bounding surface, is the primary mechanical quantity connecting near-wall flow physics to
these processes. In cardiovascular flows, WSS is especially important because it connects the endothelial cells,
blood flow, and vascular health [1, 2]. Through this mechanical stimulus, WSS induces mechanotransduction
pathways, gene expression, and vascular remodeling [3]. Abnormal WSS patterns, such as low, oscillatory, or
multidirectional shear, have been linked to the initiation and progression of atherosclerosis and aneurysms [4–
6]. WSS also plays an important role in near-wall mass transport by affecting the exchange of oxygen,
lipids, and other biochemical species between the blood and the vessel wall [7]. The importance of WSS
is not limited to cardiovascular systems [8]. In aerodynamics, WSS determines skin-friction drag acting on
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aircraft and vehicles. In industrial pipe flows, it affects pressure losses and pumping power requirements. In
environmental flows, WSS governs the onset of sediment transport and erosion in rivers and coastal regions.

Despite its importance, WSS is difficult to measure directly [9, 10]. Since WSS is proportional to the
near-wall velocity gradient, its measurement requires resolving steep velocity variations within thin viscous
boundary layers. This is experimentally challenging, particularly in biological and in-vivo settings [11]. In
contrast, passive scalars, such as dye concentration, temperature, or contrast-agent concentration, can often
be measured with higher spatial resolution [12–15]. Because passive scalars are advected by the flow, their
spatiotemporal evolution contains indirect information about the underlying velocity field. Therefore, scalar
measurements can be leveraged to reconstruct flow quantities from transport data [16, 17]. If the recon-
structed velocity field is sufficiently accurate near the wall, WSS can then be obtained from the corresponding
near-wall velocity gradients. This idea is also relevant to medical imaging, where contrast-agent transport
in computed tomography angiography (CTA) and X-ray angiography provides an indirect marker of blood-
flow hemodynamics. For example, contrast gradients in coronary CTA can encode flow-velocity information,
while X-ray angiographic sequences can similarly exploit contrast propagation to estimate blood flow [18, 19].
Motivated by these observations, the present work considers the reconstruction of velocity fields, and sub-
sequently WSS, from passive scalar transport measurements. Mathematically, the passive scalar evolution
is governed by the advection–diffusion equation, and estimating velocity or boundary conditions from scalar
observations leads to an inverse problem in which unknown flow quantities are inferred from available scalar
measurements [20].

Several methods have been developed to solve such inverse problems. One common approach is adjoint-
based optimization, where the governing equations are enforced as constraints and unknown parameters are
estimated by minimizing the difference between simulated and observed data [21]. The adjoint equations
need to be derived based on the problem of interest, gradients of objective functions with respect to quantities
of interest calculated, and an iterative gradient-based optimization algorithm be utilized to find the unknown
quantities [22–24]. Another approach is based on physics-informed neural networks (PINNs) [25]. In PINN,
the solution fields are represented by implicit neural representation (neural fields) that are optimized to
satisfy both the observational data and the governing physical equations. The governing equations are
assembled in PINN using automatic differentiation and a global optimization approach (often using Adam
optimization) is employed. PINNs have shown strong potential for solving inverse problems and recovering
hidden flow quantities from indirect observations [20, 26–29]. A third group of approaches comes from data
assimilation, including variational methods such as four-dimensional variational data assimilation (4DVar)
and Kalman filtering variants, where model predictions and measurements are combined in a statistically
consistent way to estimate the evolving state of the system [30–35]. Finally, a direct learning approach could
be utilized where data-driven neural networks or neural operators could be trained based on a large dataset
to directly map measurements to quantities of interest such as WSS [36].

Previous studies have explored the idea of inferring flow fields from passive scalar transport in different
contexts. Early theoretical work analyzed the adjoint formulation of the advection–diffusion equation [37].
Later, a space–time minimization approach was proposed for reconstructing velocity fields from scalar mea-
surements [38]. Their scalar image velocimetry method formulates the reconstruction as an optimization
problem constrained by the advection–diffusion equation and demonstrates that flow structures can be re-
covered even when scalar measurements are sparse or noisy. In biomedical imaging, similar ideas have been
used to estimate blood flow from tracer transport data. Bakker et al. developed an advection–diffusion flow
estimation method to infer coronary blood flow from contrast variations in CT angiography [39]. Liu et al.
proposed a framework for perfusion imaging, which estimates spatially varying velocity and diffusion fields
by fitting an advection–diffusion model to time-series contrast data [40]. Other work has reconstructed vas-
cular velocity fields from tomographic projections using model-constrained optimization [41]. Experimental
approaches such as ultrasound image velocimetry have also been used to estimate blood flow velocity and
WSS by tracking speckle patterns generated by red blood cells in high-frame-rate ultrasound images [42].
Similar ideas have also appeared in geophysical data assimilation, where tracer observations such as ozone
concentrations can help constrain atmospheric wind fields [43].

More recently, machine learning methods have been applied to these problems. Data-driven models have
been used to reconstruct blood flow from concentration data [36, 44]. PINNs have provided a physics-
informed approach toward this mapping and the seminal Hidden Fluid Mechanics framework introduced by
Raissi et al. showed that velocity and pressure fields can be reconstructed from passive scalar observations
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by enforcing the governing fluid flow equations during training [20]. Subsequent studies applied PINN to
several hemodynamic reconstruction problems, including estimation of velocity and pressure fields from
magnetic resonance imaging (MRI) measurements [45–48] and reconstruction of coronary hemodynamics
from angiography with uncertainty estimation [49].

Although these studies show that flow quantities can be inferred from indirect measurements, most
previous work assumes that observations are available throughout the entire spatial domain or that some
velocity measurements are available to guide the reconstruction. In many experimental situations, however,
measurements may only be available in a limited region due to imaging constraints, sensor placement, or
measurement cost. When observations are confined to a small spatial window, the information available for
reconstructing the velocity field becomes reduced, which can affect the accuracy of the inferred WSS. On
the other hand, it may be postulated that given the dependence of WSS on near-wall flow structures [50],
a more efficient local approach focusing on the near-wall region could be leveraged for inverse modeling.
Furthermore, despite the recent surge in PINN usage, a clear comparison between PINN and more traditional
inverse modeling techniques (e.g., the adjoint method, which also employs equation-constrained optimization)
has not been investigated in detail and the very few comparison studies focus on inferring full velocity from
sparse velocity data [51] rather than other surrogate measurements.

In this study, we investigate whether WSS can be reconstructed from passive scalar measurements that
are available only in a limited region of the flow domain, without any direct velocity measurements, and
without knowledge of inlet flow boundary conditions. We consider two fundamentally different inverse
approaches: a discrete adjoint-based optimization framework implemented in FEniCS in a differentiable
physics manner [52], and a PINN-based reconstruction method. By comparing these two approaches, we
evaluate their reconstruction accuracy and robustness when the scalar observations are spatially restricted.
We also discuss approaches for a local inverse modeling strategy focusing on the near-wall region. To the
best of our knowledge, this work is the first to systematically study the reconstruction of WSS from passive
scalar measurements confined to a limited spatial region and to provide a direct quantitative comparison
between differentiable physics and PINN for inverse hemodynamic problems.

2 Methods
2.1 Governing Equations
Consider a steady incompressible Newtonian fluid flow through a wall-bounded domain. The velocity u and
pressure p fields satisfy the incompressible Navier–Stokes equations

r � u = 0 ; (1)

(u � r) u = �
1
�

rp + � r 2u ; (2)

where � is the kinematic viscosity and � is density. In a forward problem, all boundary conditions are
assumed known and typically include a prescribed velocity profile u = u in at the inlet, no-slip/penetration
condition at the wall, and a prescribed outlet condition such as zero traction.

The steady velocity field u drives the transport of a passive scalar C, governed by the unsteady advection–
diffusion equation

@C
@t

+ u � rC = D r 2C ; (3)

where D is the scalar diffusivity. The scalar C represents a passive tracer, such as a contrast agent or a
temperature field, that is advected and diffused by the flow without altering the momentum balance. It
should be noted that despite the steady nature of the momentum equation, the advection-diffusion equation
is unsteady and represents the transient phase of injecting a passive scalar at the inlet of the domain C = C in .
Zero flux boundary condition is assumed for the tracer at the wall and outlet. The coupling between Eqs. (1)–
(2) and Eq. (3) is one-way: the velocity field u is first computed from the steady Navier–Stokes equations
for a given inlet profile u in , and is subsequently held fixed during the time integration of the scalar transport
equation.
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The quantity of primary interest is WSS, which is evaluated as a post-processing step after the velocity
field has been reconstructed. In the two-dimensional case, WSS (defined on the wall � w ) reduces to the
following form

� w = �
@ut
@n

����
� w

; (4)

where � is the dynamic viscosity, u t is the tangential component of the velocity, and n denotes the wall-normal
direction.

In the three-dimensional case, the WSS is derived from the full stress tensor. The stress tensor is written
as

� = �p I + �
�

ru + (ru) T
�

; (5)

where I is the identity tensor. The traction vector acting on the wall is

t = � n
��
� w

: (6)

The WSS vector is obtained by subtracting the normal component of the traction

� w = t � (t � n) n ; (7)

such that � w retains only the tangential stress contribution at the wall. Assuming known/constant viscos-
ity [53], accurate WSS estimation requires accurate reconstruction of the velocity field and its gradient in
the near-wall region.

2.2 Inverse Problem
Reconstructing WSS from scalar data is fundamentally challenging because WSS is determined by the near-
wall velocity gradients, and these must be recovered indirectly from a scalar field that does not measure
velocity directly. In practice, the inlet velocity profile u in is not known a priori, and neither velocity nor flow
rate measurements are available anywhere in the domain. In this study, we assume that the only available
data are spatially limited observations of the scalar concentration field, Cdata (x; t); x 2 
 obs, where 
 obs
is the observation region, which in general constitutes only a fraction of the full domain 
. The inverse
problem is then to reconstruct either the velocity field u or the inlet velocity profile from C data alone, and
subsequently estimate wall shear stress � w , without any direct flow information.

Formally, this inverse problem is posed as the minimization of a loss functional that measures the mis-
match between the predicted and observed scalar fields over 
 obs, supplemented by a regularization term R
that encodes prior knowledge and renders the otherwise ill-posed problem solvable. When multiple temporal
snapshots are used, the objective is written as

min
�

Z T

0

Z


 obs

�
C(x; t; �) � C data (x; t)

� 2
d
 dt +

Z T

0

Z



R(�; x; t) d
 dt ; (8)

where � denotes the optimization variable. In our problem, � can correspond to the full velocity field or
to a parameterized inlet velocity profile that drives the flow throughout the domain via the Navier–Stokes
equations. Another choice is the manner in which the governing equations and boundary conditions are
imposed, which could be soft or hard constraints. The difference between these choices distinguish the two
approaches considered in this work and is explained next.

The general optimization structure of the scalar field reconstruction is summarized in Algorithm 1.
The two approaches investigated in this work (a differentiable physics solver and physics-informed neural
networks) instantiate this procedure differently: they optimize different trainable parameters, enforce the
governing equations and boundary conditions through distinct mechanisms, and employ different strategies
to compute the gradients and execute the update step.
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Algorithm 1 Optimization algorithm for inferring WSS from scalar fields
1: Initialize the method-specific trainable variables
2: repeat
3: Predict the concentration field C using the current flow estimate
4: Evaluate the loss by comparing C against Cdata on 
 obs
5: Update the trainable variables to reduce the loss
6: until convergence
7: Post-process: extract WSS � �

w from the optimal reconstructed velocity field u �

From the scalar advection–diffusion equation, Eq. 3, the velocity field enters scalar transport exclusively
through the advection term u � rC, as the projection of u onto the local concentration gradient rC. The
influence of the velocity field on scalar transport therefore depends on the alignment between u and rC:
it is maximum when they are aligned and vanishes when they are orthogonal, regardless of the velocity
magnitude. The velocity field thus influences scalar transport more implicitly, through its projection onto
rC, rather than directly as a vector field. If the velocity moves fluid primarily along curves of nearly
constant concentration, it produces little or no change in the observed scalar evolution. Hence, different
velocity fields may produce similar scalar fields, especially when the scalar gradients are weak, smoothed by
diffusion, or observed only in a limited region. This explains why scalar-only inversion is challenging and
sometimes cannot be expected to recover the full velocity field without additional information [16, 54, 55].

Although the Navier–Stokes equations and no-slip boundary condition reduce the set of physically ad-
missible velocity fields, they do not completely remove the ill-posedness. Diffusion further compounds the
difficulty by smoothing high-frequency scalar structures and irreversibly attenuating fine-scale advection
signatures, making the inverse problem challenging. When 
 obs is located away from the near-wall re-
gion, the relationship between the observed scalar and the WSS becomes indirect and non-local. Thus, the
reconstruction accuracy is expected to depend on the location of 
 obs, which is a focus of the present study.

2.3 Physics-Constrained Data-Driven Approaches for Inverse Modeling
This section presents two inverse methodologies for inferring the WSS distribution from scalar concentration
observations: PINN and differentiable physics solvers. Both approaches reconstruct the underlying velocity
field through iterative optimization, but differ fundamentally in how the governing partial differential equa-
tions (PDEs) and known boundary conditions are enforced within the optimization loop. In PINN, both
the governing PDEs and boundary conditions are imposed as soft constraints, penalizing residuals of the
governing equations through the loss functions. In contrast, the differentiable physics approach embeds a
numerical PDE solver explicitly within the optimization loop, enforcing the governing equations and bound-
ary conditions as hard constraints, thus satisfying them up to the accuracy of the chosen discretization. A
brief overview of the workflow of each method is shown in Fig. 1.

2.3.1 Physics-Informed Neural Networks (PINNs)

The PINN framework [25] is used to reconstruct the full velocity field from spatially confined unsteady
concentration observations. The inverse problem is formulated as a direct reconstruction of the full velocity
field from the available concentration data and the governing equations. In compact form, the goal is written
as

Cdata (x; t)
��

 obs

=) u NN (x)
��

 ; (9)

where 
 obs is the observation region and 
 is the full domain.
The Navier–Stokes and advection-diffusion equations presented above are imposed as soft constraints

through the physics loss. All required spatial and temporal derivatives are computed using backpropagation
and automatic differentiation. The concentration data loss is evaluated only inside the observation region,
where concentration data are available. Since the scalar measurements are unsteady, the data mismatch is
integrated over both the observation region and the measurement time interval. In continuous form, this
loss can be written as

L data =
Z T

0

Z


 obs

jCNN (x; t) � C data (x; t)j 2 dx dt ; (10)
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Figure 1: Comparison between physics-informed neural networks (PINNs) and differentiable physics (DP)
for inverse reconstruction. (a) Illustration of the three investigated concentration observation scenarios for
the 2D backward-facing step case. (b) Overview of the PINN reconstruction framework, where the loss terms
are constructed using the predicted fields and the limited concentration measurements. Here, GT denotes
ground truth. (c) Overview of the DP approach, where the inlet velocity is optimized through the forward
solver using the total loss gradient computed by the discrete adjoint and automatic differentiation.

where the integral is approximated by averaging the squared concentration error over the sampled spatial
points in 
 obs and over all sampled time instances. In this study, the PINN data loss was evaluated using
20 unsteady concentration snapshots for the 2D-BFS case and four unsteady concentration snapshots for
the 3D coronary artery case. We tested several numbers of snapshots, and these values produced the best
results for each case.

The physics loss is evaluated both inside the observation region and over additional points from the full
domain. The contribution of the full-domain physics loss is controlled by the parameter �

L phys = L in
phys + �L out

phys : (11)

When � = 0, only the physics residuals inside the observation region contribute to training. When � > 0,
the model is also penalized for violating the governing equations outside the observed region.

The only velocity boundary condition imposed in the PINN formulation is the zero-velocity imposed at
the wall. No concentration boundary conditions are prescribed in the final PINN formulation. In prelim-
inary tests, we considered additional concentration boundary constraints, including a no-flux condition at
the wall and a prescribed concentration value at the inlet. However, these constraints degraded the WSS
reconstruction accuracy. Therefore, they were not included in the final objective function. A more detailed
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discussion of this behavior is provided in the Discussion section. The final training objective is written as

L total = � data L data + � BC L BC + � phys
�
L in

phys + �L out
phys

�
; (12)

where the different � parameters provide weights for different contributions. The neural network parameters
are optimized using AdamW [56, 57]. The detailed PINN architecture, sampling fractions, optimizer settings,
learning-rate schedule, batch sizes, loss weights, and number of training epochs are reported in Appendix A.1.
The concentration data are only prescribed within the observation region 
 obs; however, once trained, PINN
defines a continuous approximation of the flow variables over the entire computational domain. This makes
it possible to evaluate the reconstructed velocity field outside the measurement region and examine whether
the physics-informed formulation can infer a physically consistent flow field in unobserved regions. The
complete PINN reconstruction procedure is summarized in Algorithm 2.

Algorithm 2 PINN reconstruction from spatially confined scalar observations
1: Initialize the neural networks CNN (x; t), u NN (x), and p NN (x) weights
2: Sample scalar-observation points in 
 obs, physics collocation points in 
, and boundary points on � wall
3: repeat
4: Predict the concentration field CNN (x; t), velocity field u NN (x), and pressure field p NN (x)
5: Evaluate the scalar-data loss by comparing CNN with Cdata in 
 obs
6: Evaluate the boundary-condition loss on � wall
7: Evaluate the physics loss by penalizing the residuals of the governing equations
8: Evaluate the gradient of the loss function with respect to the parameters �.
9: Update the neural network parameters to reduce the weighted total loss

10: until convergence
11: return CNN , uNN , and pNN
12: Post-process: compute WSS � �

w from the reconstructed velocity field u �
NN

2.3.2 Differentiable Physics (DP)

The differentiable physics approach adopted in this work follows the differentiable programming paradigm [58,
59], in which the forward solver is embedded directly within the optimization loop such that gradients of
the objective functional with respect to the optimization variables are computed automatically and remain
strictly consistent with the discretized forward problem. In our work, this is achieved through a differentiable
discrete adjoint optimization framework built on the dolfin and dolfin-adjoint libraries [52, 60], where
the governing equations are solved using the finite element method (FEM) with the variational formula-
tion expressed in the Unified Form Language (UFL), a high-level symbolic language, enabling the efficient
computation of the sensitivity (gradient) of a quantity of interest with respect to a large number of design
parameters, through the automated differentiation of the discretized PDE system.

Differentiability is facilitated by the pyadjoint backend, which operates by monitoring the forward solve
and annotating each variational solve as it is executed, without being intrusive or requiring modifications to
the forward model code. Each intercepted operation is recorded sequentially as a Block on the computational
graph, referred to here as the global Tape, building a complete, ordered record of the forward computation.
Each Block retains the critical information, such as the solution state and the variational form, required
to construct the adjoint problem for that operation. The unknown field or parameter to be inferred is
then registered as a Control variable. For example, in the present formulation, the inlet velocity profile
is treated as the optimizable control, whereas quantities such as WSS are derived outputs computed from
the reconstructed velocity field. The objective functional, which quantifies the misfit between the simulated
and observed quantities, is then defined as a ReducedFunctional. This reduced functional represents the
objective in terms of the control variable alone, with the state variables implicitly determined by the forward
PDE solve. Thus, the optimization is carried out over the control variable, while the governing-equation
constraints remain enforced through the forward model.

Gradient computation proceeds by replaying the recorded tape in reverse order to accumulate sensitivity
information. For each recorded block, the framework applies symbolic differentiation to the underlying UFL

7



variational form to assemble and solve the discrete adjoint system. The resulting adjoint variable is then
passed to the preceding block, propagating gradient contributions via the discrete chain rule. A defining
technical advantage of this method is that symbolic differentiation occurs prior to discrete matrix assembly.
This ensures the result is the exact adjoint of the assembled discrete PDE system, rather than a separately
discretized version of a continuous adjoint equation. Consequently, the computed gradients are numerically
exact and fully consistent with the discrete forward solver [60].

Within the differentiable physics framework, inferring the WSS distribution requires reconstructing the
underlying velocity field from the measured scalar concentration field. Several strategies can be pursued,
each with distinct trade-offs in physical fidelity and computational cost: (i) In the first strategy, we solve
only the unsteady advection–diffusion equation, treating the velocity at every nodal grid point in the domain
as the optimization variable. While straightforward, this formulation is highly ill-posed and generally non-
unique, because scalar observations constrain the velocity only through the advective term u � rC. As a
result, different velocity fields may produce similar concentration evolution [16, 20]. Moreover, the recovered
velocity field is not required to satisfy Navier–Stokes and continuity equations; (ii) The second strategy
attempts to address these deficiencies by adding the Navier–Stokes equations as soft constraints while again
optimizing the velocity at all nodal grid points throughout the domain, and only solving the advection–
diffusion equation in the forward solve. Although this improves physical consistency, these equations are
imposed as soft penalties in the optimization objective rather than as hard constraints. Therefore, this
strategy loses one of the main advantages of the differentiable physics formulation: exact satisfaction of the
governing equations. In addition, evaluating the Navier–Stokes residual requires the pressure field, which is
not directly observed and is not trivial to reconstruct.

For the present problem, we propose an alternative approach that is simultaneously physics-consistent,
computationally efficient, and free of restrictive assumptions. Here, all governing equations are solved without
compromise, but the optimization variable is restricted to the inlet velocity values at the boundary nodes,
with no assumption imposed on the inlet profile shape. Since the continuity and Navier–Stokes equations
are solved at every optimization step, mass and momentum conservation are automatically enforced, and the
inlet condition uniquely governs the entire downstream flow field. The inlet velocity profile u in thus serves
as the sole control variable, reducing the dimensionality of the inverse problem from the total number of
domain nodes to the number of inlet nodes, while retaining full physical fidelity.

For the differentiable physics reconstructions, the data-misfit term was evaluated using only a single
concentration snapshot, rather than a temporal sequence as used in the PINN framework. Specifically, the
final time step was used for the 2D-BFS case, whereas an early snapshot at t = 0:05 s was used for the 3D
coronary artery case to reduce computational cost. The inverse problem is formulated as the minimization
of an objective functional comprising this single-snapshot data-misfit term and a regularization term

J(u in ) =
Z


 obs

�
C(x; u in ) � C data (x)

� 2
d
 + �

Z

� in

jr � in u in (x)j 2 d� ; (13)

where C(x; u in ) is the concentration field predicted by the forward solver at location x and parameterized
by the inlet velocity profile u in , Cdata (x) is the observed concentration field in 
 obs, and � is a regular-
ization parameter. The first term penalizes the misfit between the predicted and observed concentration
fields within the observation region. The second term penalizes large spatial gradients (fluctuations) of the
inlet profile along � in , suppressing non-physical oscillatory reconstructions. The gradient of the objective
functional with respect to the control variable, dJ=duin , is computed via the discrete adjoint formulation
described above, as implemented in dolfin-adjoint. The inlet velocity profile is subsequently updated
using the Adam optimizer. The differentiable physics optimizer settings, learning rates, and regularization
parameters used for each observation scenario are summarized in Appendix A.1. The differentiable physics
reconstruction procedure is summarized in Algorithm 3. An ensemble optimization approach was adopted
for the differentiable physics algorithm in each test case, which is discussed in Sections 2.4.1 and 2.4.2.
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Algorithm 3 Differentiable physics reconstruction from spatially confined scalar observations
1: Initialize the inlet velocity profile u in on � in and set it as the control variable
2: repeat
3: Solve the governing equations using the current inlet profile u in to obtain u, p, and C
4: Evaluate the scalar-data mismatch by comparing the predicted field C with Cdata in 
 obs
5: Evaluate the regularized total objective J(u in )
6: Compute the gradient dJ=duin using adjoint-based differentiation
7: Update the inlet velocity profile u in to reduce the objective
8: until convergence
9: return u �

in , u � , p� and C �

10: Post-process: compute WSS � �
w from the reconstructed velocity field u �

2.4 Benchmark Flow Problems
2.4.1 2D Backward-Facing Step

First, the flow through a classical 2D Backward-Facing Step (2D-BFS) is considered. The geometric dimen-
sions are as shown in Fig. 2a. A parabolic velocity profile was prescribed at the inlet

uin (y) = U max

 

1 �
�

2y � H
H

� 2
!

; (14)

where Umax = 8 cm=s, H denotes the inlet channel height, and y is the transverse coordinate measured across
the inlet cross-section. Specifically y = 0 corresponds to the lower inlet wall and y = H=2 is the channel
centerline where the velocity reaches Umax . With a mesh of 37; 838 triangular elements, the steady incom-
pressible Navier–Stokes equations were solved using FEniCS with its built-in nonlinear solver to generate
the ground-truth data. Using the computed steady velocity field, we then solved the transient advection–
diffusion equation for a passive scalar concentration where D = 0:001 cm2=s was the diffusion coefficient.
The Reynolds and Péclet numbers calculated based on the mean inlet velocity, the step height, and selected
fluid properties were Re = 53 and P e = 2000, respectively. A constant concentration condition C = 1 was
prescribed at the inlet, and natural zero-flux conditions were applied on all other boundaries. The advection–
diffusion equation was advanced with a time step of 1 � 10 �3 s up to a final time of 4 s, corresponding to
4000 time steps to generate the data. The geometry, velocity, and representative concentration results are
shown in Fig. 2a.

The spatially limited concentration data obtained from this simulation are then used to reconstruct either
the full velocity field directly or, equivalently, the inlet velocity profile that produced it. To this end, we
investigate three different spatially limited measurement configurations (Fig. 2a):

1. Concentration data available only near the bottom wall, in a region with a height of 0:1 cm (near-wall).

2. Concentration data available above the wall, in the region between 0:3 cm and 0:4 cm (far-field).

3. Concentration data available in both regions.

The parameter � in Eq. (11) was varied for the near-wall and combined observation cases, but not for
the far-field case. Varying � in these two cases allows us to assess whether enforcing the physics loss only
in the observed regions is sufficient, or whether additional physics enforcement in the unobserved parts of
the domain improves the reconstruction. In contrast, for the far-field case, setting � = 0 would apply the
physics loss only away from the wall and leave the near-wall region, where WSS is calculated, without physics
enforcement. For this reason, only the � = 1 case was considered for the far-field scenario. For the PINN
formulation, different neural networks are used to map spatial coordinates (x,y) to each velocity component
and the pressure. In the case of concentration, time was also considered as input. The coordinate inputs
were first mapped using Fourier feature encoding, also known as random Fourier features (RFF) [61–63]
before being passed to the neural networks, which helps the networks represent sharper spatial and temporal
variations in the solution. The encoded coordinates are then passed through fully connected neural networks
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Figure 2: Overview of the test cases. (a) 2D backward-facing step (2D-BFS), showing geometry, velocity
contours, concentration fields, three measurement scenarios, region of interest, and WSS. (b) Patient-specific
coronary artery geometry, velocity streamlines, concentration fields, near-wall measurement region, region
of interest, and WSS.

with swish activation function. The 2D-BFS-specific PINN hyperparameters, including the network size,
Fourier-feature settings, sampling fractions, and loss weights, are listed in Appendix A.1. After training,
WSS is computed from the reconstructed velocity field and compared with the ground truth solution.

For the differentiable physics formulation in the 2D-BFS case, the control variable is the inlet velocity
profile defined along the inlet boundary, u in (y) = (u in (y); v in (y)). During the optimization, the degrees of
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freedom at the intersection of the inlet and the walls are clamped to zero to enforce no-slip at the inlet
corners.

To facilitate convergence, the 2D differentiable physics optimization was performed using a two-stage
restart strategy. In the first stage, the inlet velocity profile was optimized for 150 epochs starting from a
low-magnitude uniform initial guess, uin = 1 cm=s. After this initial optimization, the resulting inlet profile
was integrated across the inlet boundary to obtain the predicted flow rate, Qpred . In the second stage, Qpred
was used to define several scaled restart cases. For each scaling factor s, a new target flow rate was defined
as

Qnew = sQ pred : (15)

Each restart case was initialized using a plug (uniform) inlet velocity profile whose magnitude produced the
corresponding flow rate Qnew . These scaled restart runs were then optimized for 100 epochs each. The restart
case that produced the lowest loss magnitude after these 100 epochs was selected as the best initialization.
Starting from this selected restart case, the optimization was then continued for an additional 150 epochs to
obtain the final differentiable physics reconstruction. Therefore, the full procedure consisted of 150 epochs
for the initial optimization, 100 epochs for each scaled restart candidate, and 150 additional epochs for the
selected best restart. This strategy allowed the optimizer to explore nearby inlet conditions and reduced the
likelihood of convergence to a poor local minimum. The learning rates and regularization parameters used
for the differentiable physics reconstructions are provided in Appendix A.1. Finally, WSS was calculated on
the downstream bottom wall indicated as the region of interest in Fig. 2a.

2.4.2 3D Coronary Artery

The second test case consists of a patient-specific stenotic coronary artery geometry, where the geometry was
utilized in our prior work [64, 65]. The volumetric mesh was generated using the SimVascular mesher [66]
generating a tetrahedral mesh with 688,865 elements, and subsequently imported into the FEniCS solver. The
incompressible Navier–Stokes equations were solved using FEniCS with the incremental pressure-correction
scheme to solve the unsteady Navier–Stokes equations until the solution reached the steady state. The desired
inlet velocity was not imposed instantaneously; instead, it was ramped linearly from zero to Umax = 53 cm/s
and then held fixed until settled toward a steady state. Traction free boundary condition was applied at
both outlets. The fluid properties were set to � = 0:04 g=(cm � s) and � = 1:06 g=cm 3, with a time step of
�t = 10 �3 s. Once the velocity field is fully developed and was nearly steady, the final quasi-steady flow
solution was treated as the steady advecting velocity flow field for the scalar transport evolution.

The unsteady three-dimensional advection–diffusion equation was solved with diffusion coefficient D =
0:005 cm2=s. The inlet concentration boundary condition was prescribed as a pulsed signal with a total
period of 0.5 s. Within each cycle, the concentration was initially injected and then alternated between on
and off states every 0.1 s as shown in Fig. 2b. Zero-flux conditions were applied on all remaining boundaries.
The transport equation was advanced with a time step of 1 �10 �4 s up to a final time of 0:5 s. The resulting
Reynolds number is Re = 211, while the corresponding Péclet number is P e = 1590. For this coronary artery
case, a single masking scenario was investigated, where measurements were available only in the near-wall
region. A sectional view of the masked region is shown in Fig. 2b.

The PINN formulation in the coronary artery case was similar to the 2D-BFS case but extended to three
spatial dimensions. The hyperparameters are reported in Appendix A.1.

For the differentiable physics formulation in the coronary artery case, the same differentiable physics idea
used for the 2D-BFS case is extended to the coronary artery case, but the inlet profile is now defined over the
3D domain’s inlet surface. The 3D inverse solver mirrors the forward run described in this section. Before
the optimization begins, a one-time Navier–Stokes warm-start is performed to reach the steady state before
the inlet-control updates start. At each optimization epoch, the solver advances the flow field by solving
the advection–diffusion equation till t = 0:05 s (when the concentration front reaches the region of interest)
with the pulsed inlet concentration and evaluates the masked concentration data loss over the cells lying
entirely within the near-wall region, computes the adjoint gradient via dolfin-adjoint, and updates the
inlet profile with Adam. The degrees of freedom at the intersection of the inlet and the wall are clamped to
zero so that the no-slip condition is respected at the inlet edge throughout the optimization.

To reduce sensitivity to the initial guess and improve convergence, the 3D case is initialized using an
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ensemble of uniform inlet velocities

u0
in;k = U k n in ; Uk 2 [10; 40] cm=s ; (16)

where n in is the inlet normal direction. Each ensemble member is first run for a screening phase, and the
best initialization (defined as minimum total loss) is selected as

k� = arg min
k

Jk : (17)

This case is then continued for a longer optimization with

u0
in = u in;k � : (18)

Each ensemble member was run for 100 epochs for screening, and the best case was continued to 300
epochs. After optimization, the reconstructed inlet profile was used in the forward solver to generate the
velocity and WSS fields over the region of interest shown in Fig. 2b.

3 Results
For each of the two methods, we present qualitative and quantitative comparisons of the reconstructed WSS,
which is the primary quantity of interest in this study. Velocity fields are also shown to provide physical
context for the reconstructed flow physics. Quantitative errors are reported using the relative L 2 error,
defined as

Rel-L2 =
kŷ � yk 2

kyk2
; (19)

where ŷ denotes the predicted quantity and y denotes the corresponding ground-truth quantity.

3.1 2D-BFS Results
For the 2D-BFS case, we investigated three scenarios. The first considers concentration measurements
available only in the near-wall region. The second considers measurements available only in the far-field,
advection-dominant region away from the wall. The third scenario combines both regions. In the differen-
tiable physics approach, the full domain is used in the forward solver, while the data loss is enforced only
within the specified measurement regions. In contrast, for PINN, we study the effect of using collocation
points either within the measurement region only or across the rest of the domain. The contribution of this
additional physics loss is controlled by the weighting parameter �, as defined in Eq. (11). Although velocity
fields are shown for completeness, their accuracy is not the primary objective of this study.

For the near-wall case, PINN produced accurate WSS, with a Rel-L 2 error of 2:7% in case of � = 0, as
shown in Fig. 3a. However, increasing � increases the WSS error, indicating that adding collocation points
from outside the observation region (which, here, coincides with the region of interest) negatively affects the
reconstruction. Setting � = 0:1 increases the error to more than 50%, reaching around 85% when � = 1.
Qualitatively, for � = 0, there is almost perfect agreement between the ground-truth and predicted WSS.
For higher values of �, the magnitude becomes inaccurate, although most cases still capture the general
behavior near the fixed point. For the velocity field (Fig. 3b), when � = 0, the reconstruction is accurate
near the wall of interest, but poor in the rest of the domain. As � increases, the velocity field becomes less
physically consistent in the domain. For differentiable physics, the final ensemble-stage results are shown in
Fig. 4. The WSS error is around 6%. Qualitatively, the WSS is underestimated in the recirculation region
but becomes more accurate after the fixed point. For the velocity field, there is good agreement in the
mainstream region, while the largest errors appear near the inlet. These results show that PINN achieves
higher WSS accuracy when collocation points are restricted to the observation region as PINN can perform
a fully local solution, while differentiable physics requires the full domain solution.

For the far-field case, � was not varied, as it is not reasonable to apply the physics loss only away from
the wall where the data are located, while leaving the near-wall region, where WSS is calculated, without
physics enforcement. Therefore, the only case shown is for � = 1. For this case, PINN fails to reconstruct
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Figure 3: PINN results for the 2D-BFS case. (a) Comparison of predicted and ground-truth (GT) WSS.
The tables report the Rel-L 2 error of the WSS for the corresponding values of �. (b) Ground-truth velocity
magnitude. Each column corresponds to a different observation scenario, while each row represents a different
value of �, which controls the weighting of physics-based collocation points outside the observation region.

WSS, with the Rel-L 2 error being around 100%. Qualitatively, the predicted WSS is almost flat. In contrast,
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differentiable physics achieves accurate results (Fig. 4d), with a low relative L 2 error of 2:4% between the
predicted and ground-truth WSS. The velocity results follow the same pattern as before, with the largest
error near the inlet. Overall, this case shows that differentiable physics outperforms PINN, as PINN is not
able to reconstruct accurate WSS or velocity fields from far-field concentration measurements alone.

In PINN, the combined regions scenario for � = 0 has a WSS Rel-L 2 error of 4:8%. Although the predicted
WSS distribution is qualitatively accurate, a small offset in magnitude contributes to the remaining error.
The most notable improvement is observed in the downstream velocity reconstruction. Compared with the
near-wall observation case, using concentration data from both regions helps PINN recover the downstream
flow field more accurately. However, this improvement is mainly localized downstream of the step; the
upstream velocity field is still not accurately recovered. Regarding WSS, increasing � leads to behavior
similar to the near-wall case, with degraded accuracy. For differentiable physics, in the final results (Fig. 4e),
the WSS is slightly underestimated, especially in the recirculation region, with final WSS reconstruction
error of 2.5% . The velocity results remain consistent with previous cases, with the largest errors near the
inlet. Overall, final differentiable physics results are accurate and marginally lower than the far-field case.
For PINN, this combined regions case reconstructed WSS with an error approximately twice that obtained
in the near-wall case.

3.2 3D Coronary Artery Results
In the 3D coronary artery case, only the near-wall region after the stenosis was investigated for the measure-
ment region, as shown in Fig. 2b. Similar to the 2D-BFS case, PINN controlled the weight of the physics
loss using the parameter �, as defined in Eq. (11).

The velocity results for PINN are shown using a slice inside the region of interest in Fig. 5. Since the
observations are limited to the near-wall region, high velocity errors are expected away from the wall. The
Rel-L 2 error, computed over the full 3D region of interest (not only the shown slice), ranges from 85% to
90%, with the lowest error around 84%.

In contrast, differentiable physics achieves significantly more accurate velocity reconstruction, as shown
in Fig. 6a. After optimization, the reconstructed inlet profile takes a plug-like shape. The evolution of this
profile is examined along the vessel, from the inlet to the stenosis. While the inlet profile initially has a
relatively high error of about 33%, it gradually develops into a much more accurate profile upstream of the
stenosis, reaching an error of approximately 1%. This behavior is illustrated in Fig. 6b. As a result, the
velocity error in the region of interest is reduced to around 2:6%, showing a clear improvement over PINN.

For WSS, which is the main quantity of interest, the qualitative comparison is shown in Fig. 7. From
the isometric view, there is strong agreement in the main regions, especially between differentiable physics
and the ground-truth. Both PINN and differentiable physics capture the overall WSS topology. However,
differentiable physics shows better agreement in both magnitude and spatial distribution. A closer inspection
of the WSS fixed-points [50] (second and third rows in Fig. 7) shows that PINN exhibits a slight shift in the
location of the fixed points, while differentiable physics better preserves their positions. Additionally, while
both methods show good alignment of WSS vector direction in most regions, PINN exhibits noticeable devi-
ations in the low WSS region, particularly in the upstream part of the domain. Quantitatively, differentiable
physics achieves an accurate WSS reconstruction, with a Rel-L 2 error of 2:5%. In contrast, PINN results in
a significantly higher WSS error of 31%.

4 Discussion
In this study, we compared two inverse formulations for reconstructing WSS from spatially limited passive
scalar measurements, without using any velocity or flow-rate measurements. Two cases were considered:
a benchmark 2D backward-facing step (2D-BFS) and a patient-specific stenotic coronary artery geometry.
Both differentiable physics and PINN were applied to the same scalar measurements, but with different
inverse formulations (hard-constraint formulation in differentiable physics versus soft-constraint formulation
in PINN).

For the 2D-BFS case, both methods achieved comparable WSS accuracy. PINN outperformed differen-
tiable physics when near-wall measurements were used, and differentiable physics outperformed PINN in the
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Figure 4: Ensemble differentiable physics results for the 2D-BFS case. (a) Governing formulation and
ensemble strategy. The inlet velocity is parameterized through the integrated flow rate obtained from a
previously optimized profile. A uniform inlet velocity Uuniform is constructed to match the same flow rate,
and multiple scaled variants Uscaled are generated to initialize the ensemble. Each initialization is evaluated
during a screening phase based on the loss, after which the best-performing candidate is selected for further
optimization. (b) Ensemble training under near-wall observation shows the integrated flow rate and the
loss evolution during the screening phase, followed by continuation of the run with the lowest loss. (c)
The corresponding predicted velocity fields, WSS, and their comparison with ground truth. Panels (d) and
(e) show the results for the far-region and combined-region observation cases, respectively, under the same
ensemble training procedure.

far-field case. The differentiable physics required two optimization stages with an ensemble refinement stage,
as shown in Fig. 4. Despite this additional cost, differentiable physics remained stable across all observation
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Figure 5: PINN results for the 3D coronary artery case. Comparison of the predicted and ground-truth
(GT) velocity fields on a 2D slice within the region of interest. The table in the upper-left corner reports
the Rel-L 2 error of the velocity field for different values of �.

scenarios, whereas PINN failed when only far-field measurements were available. This behavior highlights
the strong dependence of PINN-based reconstruction on the spatial location of the scalar measurements.
The best observation region was different for each method. PINN performed best when near-wall data were
available, because these measurements are more directly related to the near-wall velocity gradients that
determine WSS. Differentiable physics achieved its best accuracy using far-field data, since the optimized
variable is the inlet velocity profile and far-field advection-dominated measurements contain more direct in-
formation about the global flow. Interestingly, using the combined observation region did not always improve
the reconstruction. Both methods showed a slight degradation compared with their best individual-region
performance. This suggests that adding more scalar observations is not always beneficial when the added
data come from regions with different sensitivities to the unknown flow field. In this case, near-wall and
far-field measurements provide different types of information, and combining them made the problem harder
to converge to the correct solution, likely due to the more challenging multi-task optimization.

In the coronary artery case, the difference between the two methods became more significant. PINN
captured the overall WSS topology after extensive hyperparameter tuning, but the quantitative accuracy
remained limited. Small offsets were observed in the fixed-point locations, and the WSS magnitude was
underestimated. This indicates that recovering the qualitative WSS pattern is easier than recovering its
exact magnitude. WSS magnitude depends strongly on accurate near-wall velocity gradients; therefore,
small errors in the reconstructed velocity field can lead to larger errors in WSS. Differentiable physics clearly
outperformed PINN in the coronary artery case. Since differentiable physics reconstructs only the inlet
velocity profile and then solves the governing equations, the resulting velocity field satisfies the Navier–
Stokes equations by construction, which leads to better agreement in WSS magnitude and topology. This
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Figure 6: Coronary artery differentiable physics results. (a) Ensemble training procedure is summarized.
The left panel shows the ground-truth (GT) inlet velocity profile. Seven different uniform inlet velocities
were used as initializations, and all cases were optimized for 100 epochs. The initialization yielding the
smallest loss was then continued to 300 epochs. The bottom-middle panel shows the final predicted inlet
velocity profile. (b) Predicted inlet velocity profile development along the upstream region. The Rel-L 2 error
for each slice is reported above the corresponding result. (c) Velocity field results at a slice located inside
the region of interest (ROI) downstream of the stenosis. The Rel-L 2 error for the velocity field within the
ROI was 0.0263.

advantage is particularly important in the coronary artery geometry, where the stenosis produces higher
velocities, stronger gradients, and a more challenging inverse problem. However, differentiable physics also
has practical limitations. It requires the full geometry, a full-domain forward solver, and imposing the correct
concentration boundary conditions. The coronary artery results also showed sensitivity to the initial inlet
profile, which motivated the ensemble initialization.
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Figure 7: Coronary artery WSS results. (a) Isometric views of the ground-truth (GT) WSS field, together
with the PINN and differentiable physics predictions. The qualitative PINN results are shown for � = 0.
(b) Localized comparisons in representative regions of interest, including the high-WSS region, the first fixed
point, the second fixed point, and the low-WSS region. (c) Quantitative comparison using the coefficient
of determination, defined as R2 = 1 �

P
i (yi � ŷ i )2=

P
i (yi � �y) 2, where yi is the ground-truth WSS value,

ŷi is the predicted WSS value, and �y is the mean ground-truth WSS value. The root mean squared error
(RMSE) and mean absolute error (MAE) are also reported.
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We also explored a second approach for reconstructing WSS from passive scalar measurements using a
surface transport model (STM) as a reduced-order model within the PINN framework. This approach was
motivated by the role of WSS vectors and topology in near-wall transport [50, 64] and previously introduced
surface transport models [67–69]. Unlike the full-order model (FOM), which embeds the full Navier–Stokes
and advection–diffusion equations in the PINN loss, the STM-based approach uses a single surface transport
equation introduced in [14, 69]. The STM formulation and its comparison with the FOM are presented in
Appendix A.2. This geometric reduced-order modeling approach reduces the computational cost, however,
with a reduction in quantitative reconstruction accuracy as shown in Appendix A.2.

Compared with previous PINN-based studies, such as Hidden Fluid Mechanics [20], our work consid-
ers a more restrictive and challenging setting. In particular, the available concentration measurements
are spatially limited rather than provided over a broad observation domain. Moreover, the 3D coronary
artery stenosis case involves localized high velocities, making the inverse reconstruction problem more dif-
ficult because advection-dominated transport produces sharper scalar gradients and stronger sensitivity
to boundary and flow conditions. Our results are also consistent with their findings [20], where in the
two-dimensional benchmark case, they achieved highly accurate velocity reconstruction, whereas the three-
dimensional patient-specific case remained more challenging. Toscano et al. proposed magnetic-resonance
artificial intelligence velocimetry (MR-AIV), a physics-informed framework to infer 3D velocity, pressure,
and permeability from tracer concentration data [47]. Their results showed that MR-AIV recovered the main
flow structures and spatial patterns, but accuracy decreased in more realistic and low-velocity regions, while
absolute pressure and permeability magnitudes remained difficult to recover because of the ill-posed inverse
problem. In addition, unlike studies that use sparse velocity measurements to reconstruct velocity and WSS
fields [26, 45, 46, 51], our formulation relies only on passive scalar data. This makes the inverse problem more
challenging, because the scalar transport equation alone does not uniquely determine the full velocity field.
An interesting aspect of the results is that the final WSS predictions are more accurate than the velocity
field near the inlet, which aligns with the findings in [26]. Here, we show that the more important quantity
is the inlet flow rate rather than the precise inlet velocity profile. Given the distance from the region of
interest and the inlet, the flow reaches a relatively fully developed profile closer to the region of interest,
which reduces sensitivity of the results on the precise uncovered inlet flow profile.

Several recent studies have addressed related inverse flow problems, but under stronger constraints than
those used here. Domain-decomposed PINN for concentration-based velocity inference [70] improve re-
construction by using larger datasets, extended domains, interface constraints, and prescribed flow rate
boundary information. Similarly, physics-informed uncertainty-aware network for coronary hemodynamics
(PUNCH) [49] reconstructs coronary flow from angiography by reducing contrast transport to a quasi-
one-dimensional advection–diffusion problem along the vessel centerline. The method uses physiologically
bounded neural network representations of axial velocity and effective dispersion, and incorporates uncer-
tainty through a variational latent variable regularized by a Kullback–Leibler divergence term. Du et al. [51]
compared PINNs with 4DVar, an adjoint-based method, for reconstructing turbulent flow states from sparse
velocity measurements. They showed that PINNs can recover the missing velocity field and infer the unob-
served pressure field in turbulent channel flow; however, the PINN reconstructions were substantially less
accurate than 4DVar, especially when predicting beyond the observation time window. Similarly, Sierpe et
al. [46] showed that PINNs can estimate velocity, pressure, viscosity, and derived hemodynamic quantities
from realistic synthetic 4D-flow MRI measurements. However, their findings also indicate that reconstruction
becomes more challenging for derivative-dependent quantities, such as WSS, particularly when observations
are low-resolution, near-wall information is limited, or the flow state becomes more complex during diastole.

The observed sensitivity to measurement location is consistent with previous work showing that passive
scalar-based reconstruction is strongly affected by the spatial distribution and density of the available mea-
surements [71]. However, the setting in Rawden et al. [71] differs from the present study. Rawden et al.
used PINNs to reconstruct mean velocity and passive scalar fields in a cylinder wake using both velocity and
passive scalar measurements sampled on uniform grids with varied densities. In their cropped-domain source-
identification cases, scalar data were supplied in a small source-centered subdomain, while velocity data were
supplied over a larger surrounding subdomain. In contrast, our study reconstructs WSS from limited passive
scalar observations alone, without sparse velocity measurements, inlet velocity data, or flow-rate constraints.
Thus, although both studies show that measurement placement and data availability strongly influence re-
construction accuracy, the present inverse problem is more restrictive because the near-wall information is
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inferred only indirectly from scalar transport.
The advantage of the differentiable physics approach for inverse modeling is also supported by classical

adjoint and data-assimilation theory. Adjoint formulations of the advection–diffusion equation show that
the adjoint field propagates sensitivity information backward through the flow and identifies which upstream
regions influence the observations [37]. Similar ideas are used in 4D-Var data assimilation, where tracer
observations are used to update the underlying flow field through adjoint sensitivities [43, 51]. Our differen-
tiable physics formulation uses automatic differentiation to assemble the matrices and record the nonlinear
forward solver to compute the required gradients.

Our investigation showed that the PINN reconstruction is sensitive to the fraction of concentration data
used during training, the number of collocation points, and the inclusion of concentration boundary-condition
constraints. In the 2D-BFS near-wall measurement case, the subsampled formulation without concentration
boundary conditions produced the lowest WSS error of 2:7%. When we tried to include concentration bound-
ary conditions in the same subsampled case, with including the wall no-flux condition and prescribed inlet
concentration, the WSS error increased to 5:3% (results not shown). Similarly, when we tried to use the
full set of available concentration points instead of the subsampled training set, the WSS error increased
to 5:5% without concentration boundary conditions and to 6:2% with concentration boundary conditions.
Therefore, the main 2D-BFS PINN results consistently used the subsampled concentration points, with the
corresponding sampling fraction reported in Appendix A.1. One possible explanation is that the concentra-
tion boundary conditions do not add independent information for this inverse WSS reconstruction problem
and make the optimization problem more challenging. In the near-wall observation case, the measured
concentration field may already contain the effect of the wall no-flux condition. The inlet concentration
condition is different because it is imposed upstream, while the available concentration measurements are
restricted to a downstream near-wall region. Between the inlet and the observation region, there is a re-
gion with no concentration data. As a result, the inlet concentration boundary condition can only improve
the reconstruction if the PINN accurately recovers the upstream velocity field and correctly transports the
scalar from the inlet to the observed region. If this upstream velocity reconstruction is inaccurate, the inlet
constraint provides limited benefit for the local WSS prediction and may instead introduce additional com-
peting terms in the optimization. This interpretation may also explain why the subsampled case performed
best. Subsampling can reduce the complexity of the optimization problem and focus the training on the
most informative concentration points for WSS reconstruction. In contrast, using all concentration points
can make the loss landscape more complex and may include many points that are less directly useful for the
near-wall WSS target.

One possible future extension of the present study is dynamic computed tomography angiography (CTA)
and X-ray angiography, where contrast-agent transport naturally provides time-resolved passive scalar in-
formation rather than direct velocity or WSS measurements. In dynamic CTA, the measured contrast
evolution could be combined with patient-specific vascular geometry to infer hidden hemodynamic quan-
tities, extending contrast-based flow estimation ideas toward local WSS reconstruction from limited scalar
observations [18, 19, 39]. Similarly, in X-ray angiography, projection-based contrast intensity sequences could
provide sparse observations of scalar transport, making our formulation relevant for estimating clinically im-
portant flow-related quantities without pressure wires or direct velocity measurements. This is consistent
with recent angiography-based data-driven work for coronary microvascular dysfunction assessment, where
contrast intensity profiles are used as informative surrogates for coronary physiology [72].

Despite the promising results, several limitations should be noted. First, reconstructing velocity and
WSS from passive scalar measurements is inherently ill-posed, since the advection–diffusion equation does
not uniquely determine the underlying velocity field. As a result, multiple flow fields may produce similar
scalar observations, particularly when the measurements are spatially limited. In addition, the PINN-based
formulation is sensitive to the temporal snapshots of the concentration field used during training. Different
snapshot selections may contain different levels of information about the underlying flow, which can affect
reconstruction accuracy. This introduces an additional source of variability that must be carefully considered
in practical applications (selecting time-steps with the most information for quantities of interest). Also,
several recent methodological advances in PINN [73–76] were not investigated in the present study and will be
considered in future work. The differentiable physics framework also introduces several practical constraints.
It requires access to the full computational geometry, well-defined scalar transport boundary conditions (not
needed in PINN), and knowledge of the physical time associated with each concentration measurement. In
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many real-world settings, such information may be incomplete or uncertain. Furthermore, the differentiable
physics optimization is sensitive to initialization and may converge to local minima, which motivated the
use of our proposed ensemble initialization strategy, which increases computational cost. The computational
cost of differentiable physics can also become significant for large three-dimensional geometries, since each
optimization step requires repeated forward and discrete adjoint solve with most of the available framework
operated on CPUs. Another limitation is that the present results are obtained using clean, noise-free synthetic
data. In practical applications, scalar measurements are affected by noise, imaging artifacts, segmentation
errors, and model mismatch, all of which may degrade reconstruction accuracy and will require further
developments. Finally, the velocity field was assumed to be steady in our main two test cases.

One promising direction for future work is the development of hybrid approaches that combine the
flexibility of PINN with the physical consistency of differentiable physics. In such a framework, PINN can
be used to provide an informed initial guess for the velocity field or inlet profile, which can then be refined
using differentiable physics-based optimization, potentially improving convergence and reducing sensitivity
to initialization or the need for an ensemble approach. Another important direction is the systematic study of
measurement noise, data sparsity, and different concentration injection protocols. In practical applications,
scalar observations are often noisy, temporally limited, or spatially incomplete. Quantifying the robustness of
both PINN and differentiable physics under varying noise levels, snapshot selections, and sampling strategies
will be essential for real-world deployment. This also includes investigating optimal measurement placement
and identifying which regions of the flow domain provide the most informative measurements for WSS
reconstruction. Designing optimal passive scalar injection strategies to gain most information for the inverse
problem is an interesting problem for future work. In addition, incorporating prior information, such as
physiological flow-rate constraints or auxiliary reduced-order models, may help mitigate the inherent ill-
posedness of scalar-based reconstruction.

5 Conclusion
This study shows that WSS can be reconstructed from spatially limited passive scalar data, but accuracy
can depend on measurement location and the inverse formulation. In the 2D-BFS case, PINN performed
well with near-wall data but failed with far-field measurements, while differentiable physics remained more
robust across scenarios. In the 3D coronary case, differentiable physics outperformed PINN, producing
more accurate velocity and WSS reconstruction under limited observations. Overall, differentiable physics
provides stronger physical consistency but requires fuller domain knowledge, whereas PINNs are more flexible
but more sensitive to data placement and training choices and hyperparameters, motivating future hybrid
approaches.
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A Appendix
A.1 Hyperparameters
The PINN hyperparameters used for the 2D-BFS and the 3D coronary artery cases are summarized in
Table 1. In both cases, AdamW was used with a step learning-rate scheduler, and the loss combined data
mismatch, no-slip wall boundary conditions, and physics residuals from the incompressible Navier–Stokes
and scalar transport equations.

Table 1: PINN hyperparameters used for the 2D-BFS and coronary artery cases.

Hyperparameter 2D-BFS Coronary artery
Hidden neurons 100 70
Hidden layers 8 8
Fourier frequencies 10 10
Fourier feature standard deviation 1:0 0:1
Activation function Adaptive Swish Swish
Optimizer AdamW AdamW
Initial learning rate 10�3 10�3

Epochs 3000 6000
Data batch size 1024 1024 � 6
Physics batch size 1024 � 8 1024 � 6
Data sampling fraction 0:05 1:0
Physics/collocation sampling fraction 0:25 1:0
Scheduler decay rate 0:6 0:5
Scheduler step size 300 1000
� data 105 2 � 10 5

� BC 1000 100
� cont 200 25
� mom 200 10
� adv�di� 200 10

The differentiable physics inverse reconstruction was optimized directly over the inlet velocity profile as
the control variable. The hyperparameters are mentioned in Table 2.

Table 2: Differentiable physics hyperparameters used for the 2D-BFS and coronary artery cases.

Hyperparameter 2D-BFS (Near-wall) 2D-BFS (Both regions) 2D-BFS (Far-field) Coronary artery
Optimizer Adam Adam Adam Adam
Initial learning rate (LR) 2:0 2:5 2:5 2:0
LR decay rate 0:4 0:4 0:4 0:5
LR decay steps 8 8 8 6
Regularization weight 5:0 � 10 �6 2:0 � 10 �5 2:0 � 10 �5 1:0 � 10 �8

A.2 Surface Transport Model (STM)
Typically, WSS is related to passive scalar measurements in two steps. First, an inverse problem is solved to
reconstruct the velocity field from the measured scalar field. Then, WSS is computed as a post-processing
step from the reconstructed near-wall velocity gradients. An alternative approach was introduced in [14, 69],
where a surface transport equation is derived and used to relate the WSS directly to surface measurements.
In this formulation, the advection–diffusion equation is projected onto the wall, and a near-wall Taylor-series
expansion is used for the velocity and scalar fields.

Near a flat wall (x-z plane), the tangential velocity components can be approximated as

ux �
� x

�
y ; uz �

� z

�
y ; (20)
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where y is the wall-normal direction, � is the dynamic viscosity, and � x and � z are the WSS components.
The scalar field C is also expanded near the wall as

C(x; y; z; t) = C(x; z; t) +
�
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where C(x; z; t) is the surface concentration. By substituting these near-wall expansions into the advection–
diffusion equation and differentiating with respect to the wall-normal direction, the wall limit gives a direct
relationship between the WSS components and the surface scalar gradient

� x
@C
@x

+ � z
@C
@z

= �D
�

@3C
@y3

�

w
; (22)

where D is the scalar diffusivity. In compact notation, this can be written as

� w � r sC = �D
�

@3C
@y3

�

w
; (23)

where r sC = (@C=@x; @C=@z) is the surface gradient of the scalar field. Therefore, instead of first recon-
structing the full velocity field and then computing WSS, this approach directly links WSS to measurable
surface scalar gradients and wall-normal scalar derivatives and represents a surface transport model (STM).

To test the STM approach, we used a 3D constricted channel as a test case with pulsatile (unsteady) flow
rate, as shown in Fig. 8a. The channel has a square cross-section of 0:2 cm�0:2 cm and a total length of 8 cm.
A stenosis with 75% area reduction is introduced along the channel to create a localized constriction. The
CFD data for this case were generated by solving the incompressible unsteady Navier–Stokes and continuity
equations using SimVascular [66]. The computational mesh was generated with a tetrahedral element size of
0:015 cm and four inflation layers near the wall to better resolve the near-wall velocity gradients needed for
WSS evaluation. The flow simulation was advanced using a time-step size of 10�3 s for three cardiac cycles,
and the final cycle was retained for the subsequent scalar-transport simulation.

The velocity field from the final cardiac cycle was then imported into FEniCS and used to solve the
unsteady advection–diffusion equation for the passive scalar concentration. The scalar diffusivity was set to
D = 0:005 cm2=s. The advection–diffusion equation was marched with a smaller time-step size of 10�4 s for
20000 time steps. The last cardiac cycle of the resulting concentration field was then used as the training
data for the PINN models. The scalar concentration data were generated from a full 3D simulation using a
constant inlet concentration boundary condition, C = 1. In training, we used 10 temporal snapshots over
one pulsatile cycle. The concentration data used in the STM data loss were taken from the surface region
highlighted in red in Fig. 8a. This surface data provides the measured scalar field C(x; z; t), while the third
wall-normal derivative term in the STM equation was estimated separately from the near-wall scalar profile.

For comparison with the STM approach, we also implemented a full-order model (FOM) PINN. In the
FOM, separate neural networks are used to approximate the velocity components, pressure, and scalar con-
centration as functions of the space–time coordinates, (x; y; z; t). Five neural networks were used to predict
the three velocity components, pressure, and concentration. The FOM enforces the full 3D incompressible
Navier–Stokes equations, the continuity equation, and the unsteady advection–diffusion equation through
physics-residual losses. The data loss is applied only to scalar concentration measurements extracted from
a small 3D masked region near the wall with a thickness of 0:02 cm. Therefore, unlike the STM, which
reconstructs WSS directly from wall-surface scalar information, the FOM first reconstructs the full near-wall
local flow and scalar fields and then computes WSS from the predicted near-wall velocity gradients as a
post-processing step.

The PINN used for the STM does not reconstruct the full 3D velocity field. Instead, the network takes
the surface coordinates and time, (x; z; t), as input and predicts three quantities on the wall. Three neural
networks were used one for concentration and one for each of the WSS components on the wall. The
supervised data loss is applied to the predicted surface concentration and compares CNN (x; z; t) with the
scalar concentration extracted from the simulation on the highlighted wall region of interest (Fig. 8):

L data =


 CNN (x; z; t) � C(x; z; t)



 2
2 : (24)
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Figure 8: Surface Transport Model (STM) setup and results. (a) 3D constricted channel with a 0:2 cm �
0:2 cm cross-section, 8 cm length, and 75% stenosis; the red region shows the surface concentration data used
for training. (b) STM PINN architecture, where (t; x; z) is used to predict C NN , � x , and � z . (c) TAWSS
streamlines colored by magnitude, along with the Z- and X-component comparisons of TAWSS between GT,
FOM, and STM, using the same 10 time snapshots over one cardiac cycle.

The physics loss is constructed from the surface transport equation:

L phy =




 � x
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+ � z

@CNN
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�

w







2

2
: (25)

Therefore, the STM PINN only uses the scalar concentration on the wall surface for the data loss and
enforces the reduced surface transport equation as the governing physics constraint. This is different from
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the full-order PINN (FOM) approach, which requires reconstructing or enforcing the full 3D flow physics in
the near-wall region.

The full loss used for the STM training is written as

L = � phy L phy + � data L data + � sym L sym ; (26)

where L sym is an additional symmetry loss used to regularize the under-determined WSS reconstruction
near the channel centerline. The PINN architecture and the physics loss used are illustrated in Fig. 8b.

This surface transport equation introduces two main challenges. The first challenge is that it provides
only one equation for two unknown WSS components, � x and � z . Therefore, the problem is under-determined
and requires additional constraints or regularization. In this work, we used prior physical knowledge about
the symmetry of the flow near the middle of the wall. Specifically, we enforced the lateral WSS component
and the lateral variation of the main WSS component to be small at the wall centerline, which was added
as a symmetry loss for PINN training:

� x � 0 ;
@�z
@x

� 0 : (27)

For the FOM, the symmetry loss is also included, but it is applied differently. Since the FOM reconstructs
the full velocity field, the symmetry constraint is imposed on the velocity magnitude rather than directly on
the WSS components. Specifically, at selected centerline points, the model penalizes the lateral derivative
of the velocity magnitude:

L FOM
sym =






@juj
@x






2

2
: (28)

The second challenge is the third wall-normal derivative term ( @3 C
@y3 )w in the STM model, which is

difficult to estimate accurately from discrete concentration measurements. We first tested a finite-difference
approximation, but the result was noisy and sensitive to numerical error. A more stable approach was to fit
the near-wall concentration profile using a third-degree polynomial:

C(y) = a 0 + a 1y + a 2y2 + a 3y3: (29)

The third derivative at the wall is then obtained analytically as
@3C
@y3

= 6a3 : (30)

Therefore, the surface transport relation becomes

� x
@C
@x

+ � z
@C
@z

= 6�Da 3: (31)

This derivative-estimation step also highlights the difference in data requirements between the STM and
FOM. For the direct 2D STM equation, the polynomial fitting only requires scalar concentration samples
along the wall-normal y-direction in order to estimate

�
@3C=@y3

�
w . In the PINN-based STM implementation,

the network only requires scalar concentration data on the wall surface, together with the precomputed or
fitted wall-normal derivative term. In contrast, the full-order model requires information from the 3D
near-wall region because it reconstructs the flow field and then computes WSS from the near-wall velocity
gradients. Therefore, the STM reduces the data requirement from a 3D near-wall flow reconstruction problem
to a surface-based scalar transport problem.

Although polynomial fitting reduced the noise compared with finite differences, the reconstructed WSS
field still showed noticeable error. This is especially clear in Fig. 8c for the STM results in the x-direction.
We predicted the instantaneous WSS over 10 time snapshots across one cardiac cycle, and the corresponding
time-average WSS (TAWSS) results are shown in Fig. 8c. The same number of time snapshots was used for
the FOM comparison to keep the evaluation consistent between the two approaches. Although the FOM
achieves lower Rel-L 2 error, the STM offers two key advantages. First, it bypasses the need to reconstruct
the full velocity field, directly relating scalar measurements to WSS. Second, it requires solving only a single
surface equation instead of enforcing the full 3D equations, significantly reducing computational cost. This
makes the STM useful for a quick qualitative estimation of WSS, especially when only surface scalar and
surface gradient measurements are available.

The PINN hyperparameters used for the STM and the FOM are summarized in Table 3.
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Table 3: PINN hyperparameters used for the STM and FOM. Here, � data denotes the concentration data-
misfit loss weight, � sym denotes the symmetry loss weight, � BC denotes the boundary-condition loss weight,
� STM

eqn denotes the STM governing-equation residual loss weight, � cont denotes the continuity residual loss
weight, � mom denotes the momentum residual loss weight, and � adv�di� denotes the scalar advection–diffusion
residual loss weight.

Hyperparameter STM FOM
Hidden neurons 200 200
Hidden layers 10 5
Activation function Swish Adaptive Swish
Optimizer Adam Adam
Initial learning rate 10�3 10�3

Epochs 3000 3000
Batch size 3000 1024 � 8
Scheduler decay rate 0:1 0:1
Scheduler step size 1000 1000
� data 100 105
� sym 1 1
� BC – 100
� STM

eqn 1 –
� cont – 1
� mom – 1
� adv�di� – 100
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