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Abstract

Heavy-ball momentum accelerates gradient-based optimization
methods in machine learning. A standard way to use momentum
is to choose a fixed hyperparameter, but this choice often requires
extensive tuning. Relying on a one-size-fits-all momentum parame-
ter can prevent an optimizer from achieving its best performance.
Motivated by the optimal heavy-ball momentum for quadratic ob-
jectives, this paper proposes a new adaptive momentum mechanism
that reduces the burden of momentum tuning. The proposed mech-
anism improves the stability of SGD and Adam under large learning
rates, leading to faster convergence and better generalization than
standard SGD and Adam in our experiments. We demonstrate the
effectiveness of the method on a wide range of machine learning
benchmarks, including image classification, language modeling,
machine translation, tabular learning, and time-series classifica-
tion. We also provide convergence guarantees for SGD and Adam
equipped with the proposed adaptive momentum.
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1 Introduction

Let £ be a given loss function. This paper is devoted to
. _ 1 - — 1 N e .
min(f(p) =5 2 fp) = 1 ) Llotssphyd) ()

where o is the machine learning model parameterized by p, and
(si, yi) is a sample-label pair. Stochastic gradient descent (SGD) [40]
is a simple yet highly efficient algorithm for solving (1). It updates
p according to
Pk+1 — Pk _ ng,

where y > 0 is the learning rate and g~ = L3 Vfi( p¥) with
m < n is the mini-batch stochastic gradient of f.

The heavy-ball (HB) algorithm [37] uses memory to accelerate
GD and updates p as follows

P = p -yt + ot - Y, (2)
where 0 < < 1 represents the momentum hyperparameter. By

incorporating momentum states (m*);so, we can express the HB
method as follows

k+1 _ k k. k+1 _ k k+1
m" = pm" + g% pt = pF —ym"T .

If we integrate the adaptive learning rate with the heavy-ball al-
gorithm and rescale m* and g*, we obtain the widely used Adam
algorithm [21], which is presented as follows!
Pk+1 — Pk _ ymk/[vk]l/Z;
k+1 _ k _ k.
m™ = pm” + (1= f)g"; ®)
o = aoh + (1~ a)[g",

where a, f,y > 0 are three positive constants, and [-]% and [-]!/?

denote the element-wise square and square root, respectively. These
first-order algorithms are among the methods of choice for signal
processing [4] and machine learning; in particular, for training deep
neural networks (DNNs) [6].

The momentum in both HB and Adam is typically controlled
by a constant . A fine-tuned f is crucial for accelerating SGD
and Adam in training DNNs and improving their generalization
[22, 30, 45, 51]. Indeed, [15, 37] establish the theoretical accelera-
tion of momentum for convex optimization and training one-layer
neural networks, and these results depend on specialized choices

!For the sake of simplicity, we omit the bias correction here.
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of f and y. However, calibrating f is expensive in practice, and a
single global f is frequently suboptimal for modern DNNs: due to
heterogeneous curvature, gradient noise, and learning dynamics
across layers/modules, different layers may prefer different effec-
tive momentum levels, and the preferred f may also drift over the
course of training. To the best of our knowledge, there is still no
widely accepted and principled approach to determine such (possi-
bly layer-dependent and time-varying) optimal momentum values
for DNN training. This naturally motivates the following question:

Can we design an adaptive momentum mechanism that is layer-
wise and time-varying, without manual calibration of momentum-
related hyperparameters, and that can improve GD/SGD and Adam
with convergence guarantees?

1.1 Contributions

We answer the above question affirmatively by replacing f in HB
(2) and Adam (3) with the following iteration-dependent adaptive
scheme

2
. _ Hmkfmk’l\l S
s = Pro][o,l—é] ([1 y—‘lpkfpk—ln ] ) k>2, @
0. k=01,

where || - || is the £ norm, and Projj, ;) (-) denotes the projection
onto [0, 1 — §] with § being the threshold. We will study the effects
of § in the appendix.

We start with a fine-grained convergence analysis of HB for
quadratic optimization, which yields an optimal momentum choice.
Then, we design a simple sequence to approximate the optimal
momentum and result in our proposed adaptive momentum (4). We
further show that HB, proximal HB, and Adam equipped with the
proposed adaptive momentum enjoy convergence guarantees in
both convex and nonconvex settings. Finally, we perform extensive
experiments to show that these adaptive momentum schemes are
more robust to larger learning rates, converge faster, and generalize
better than the baselines. We emphasize that the acceleration is
empirical while convergence is theoretical. Indeed, proving acceler-
ation theoretically may need additional structures or assumptions,
which we consider an important area of research ahead.

1.2 Additional Related Works

Momentum-based acceleration has been extensively studied since
the pioneering work of [33, 37]. This section briefly reviews some
of the most exciting and related works on developing and analyzing
HB and Nesterov’s acceleration (a class of adaptive momentum).
Also, we will discuss some of the recent developments of adaptive
momentum.

Heavy-ball momentums. The convergence of deterministic
HB, i.e., HB with exact gradient, has been thoroughly studied by
[15, 34, 35, 43, 44] in both convex and nonconvex cases. An inter-
esting finding is that HB can escape saddle points in nonconvex
optimization by using a larger learning rate than GD [42]. HB mo-
mentum has also been successfully integrated into SGD to improve
DNN training, especially for image classification [6, 22, 45]. The
authors of [54] propose and analyze a generalized stochastic mo-
mentum scheme. In [17, 31], the authors develop quasi-hyperbolic
momentum to accelerate SGD; the quasi-hyperbolic momentum
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averages a plain SGD step with a momentum step. The momentum
effects have also been studied in large batch size scenarios [57].
SGD with HB momentum shows good empirical performance in
accelerating convergence and improving generalization, but the
theoretical acceleration guarantee is still unclear.

Nesterov’s acceleration. Nesterov’s acceleration can be ob-
tained by replacing f with a specially designed time-varying for-
mula, which is a special adaptive momentum. Nesterov’s acceler-
ation achieves the optimal convergence rate for smooth convex
minimization with access to gradient information only [32, 33]. The
first use of Nesterov’s acceleration in stochastic gradient is proposed
by [50] but without any theoretical guarantee. The convergence of
Nesterov’s acceleration can be proved for stochastic gradient using
diminishing learning rates [54, 56]. The authors of 3, 23] have pro-
vided evidence that stochastic Nesterov’s acceleration converges
to a vicinity of the minimum. Nesterov’s acceleration for over-
parameterized models with a diminishing momentum has been
studied in [48]. However, in the finite-sum setting, there is strong
evidence to suggest that Nesterov’s acceleration can potentially
diverge when using the conventional learning rate and momentum
parameters [2, 26]. The possible divergence of stochastic Nesterov’s
acceleration limits its use for deep learning. To this end, a restart
momentum is employed for the stochastic Nesterov’s acceleration
[49], which achieves further acceleration from the numerical tests,
but the convergence is proved with non-trivial assumptions.

Other variants and studies of momentum methods. There
have been many alternative momentum schemes proposed for
remedying potential divergence issues in Nesterov’s acceleration
[1, 8, 16, 24, 26]. Their development has contributed a lot to the
theory of accelerated optimization and they have shown promis-
ing convergence rates on different convex and structured settings.
Despite this, these algorithms enjoy relatively sparse implemen-
tation in practical deep learning scenarios. This could be because
Nesterov’s acceleration relies on a “lookahead” gradient step that
anticipates future updates. While effective in convex settings, this
lookahead can cause instability and overshooting in the highly
nonconvex loss landscapes of neural networks. The premature gra-
dient evaluation may lead to oscillations and slower convergence.
In contrast, heavy-ball momentum gets rid of lookahead, resulting
in smoother and more stable updates better suited for deep learning
optimization. Recently, a number of practical optimizers have pro-
posed new ways to combine momentum with adaptive scaling to
improve stability and reduce tuning sensitivity for different settings,
such as AdaBelief [59], AdaHessian [55], MADGRAD [13], Adan
[52], LION [7], and Sophia [27]. Related lines also study the gen-
eralization behavior of adaptive methods [58] and disentangle the
roles of adaptive learning rates and momentum in Adam-like dy-
namics [53]. On the theory side, there have recently been renewed
efforts to better understand stochastic acceleration and momentum
scheduling in nonconvex settings, as well as their stability and
generalization behavior [2, 12, 38]. Our work complements these
efforts by deriving an inexpensive layer-wise, time-varying momen-
tum estimate from quadratic surrogates and providing convergence
guarantees when plugged into heavy-ball and Adam-style updates.
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1.3 Notation

Scalars and vectors are represented by lowercase and lowercase
boldface letters, while matrices are denoted by uppercase boldface
letters. For a vector p = (wy,-- -, wq) € R, we use || p|| to repre-
sent its £, norm. Regarding a matrix A, AT denotes its transpose,
and ||Al|, denotes its induced norm based on the £, norm. When
referring to two sequences {a, } and {b,}, a, = O(b,) indicates the
existence of a positive constant 0 < C < +oo such that a, < Cb,,
while a, = ©(b,) indicates the existence of two positive constants
C; and C; such that a,, < Cib, and b, < Csa,. The set {1,2,--- ,m}
is denoted as [m], and the Hessian is represented as V2 f(p).

2 Motivating Adaptive Momentum and
Algorithms

To better understand HB, i.e., gradient descent with heavy-ball
momentum, we start with the quadratic problem. In particular, we
have the following lemma.

LEMMA 2.1. Assume f is quadratic and Vf(p) = Ap + b, where
A is positive definite. Moreover, we denote v and L as the smallest
(Amin(A)) and the largest eigenvalues (Amax (A)) of A, respectively.
Given any fixed y < 1/L, a fast-convergent choice of f§ for HB is
B = (1— \yv)2. In this case, HB achieves a convergence rate of

Ip* ~ p"ll < (1= yv + & - 2l1p° - p°ll
ask > K(A, €), where € > 0 is arbitrarily small and K(A,€) € Z* is
an integer depending on A and e.

Lemma 2.1 is the conceptual anchor motivating our curvature-
ratio estimator. Compared with [39], Lemma 2.1 is an improved
result for HB methods. In particular, Lemma 2.1 shows that the
optimal hyperparameter for the HB momentum should be (1 —
Vyv)?if y < 1/L. However, the smallest eigenvalue v is unknown.
Therefore, we construct the sequence, ||g¥ — g*~1||/||p* = p*~]I, to
approximate v. It is easy to check that ||g¥ — g*=1||/|Ip* - p*~!| €
[v, L]. Moreover, we have the following lemma, which shows that

llg" = g" M 1/1lp* - p* M — v.

LEMMA 2.2. Under the same conditions as stated in Lemma 2.1 and
assuming that A possesses a distinct minimum singular value, it can
be established that if y < 1/L, for any predetermined 0 < f§ < 1, the
following relation holds

gk —g* "Il _

koo || pF = pEt|
To numerically verify Lemma 2.2, we apply HB (2) to solve the
following quadratic problem
min p’ (o1+L)p - b7 p, 5)
peRd
where I is the d X d identity matrix, L is the Laplacian matrix of a
cyclic graph (see supplementary materials for details), b € R is a
vector with a value of 1 for its first element, while all the remaining
elements are set to 0.
Note that v := Apin (ol + L) = 0. We consider three different o:
107%,107* and 107°.2 Fig. 1 shows that ||gF — g*~1||/||p* — p*71I|
2We select these os such that the condition number of o1 + L is very large, slow-

ing convergence of the gradient-based algorithm, which is helpful to visualize the
convergence behavior of ||gk — g&~||/lp* - p*71|I.
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Figure 1: Iteration (k) vs. |lg* — ¢*~!||/llp* — p*~'|| when HB
(2) is applied to solve (5) with different 0. We can see that
lig" = g*MI/Ip* = p* M1l = o

converges to v for all values of o above, where we set y = 0.1 and
B=0.9.

HB with Adaptive Momentum. The previous result indicates that

([1 = Vyllgk = g*=1I/Ilp* — p*~11I1?) is a reasonable approxima-
tion to the optimal momentum for HB for quadratic optimization
when y < 1/L. Indeed, calculating the full gradient V£ (p¥) at ev-
ery step would imply a full pass or global aggregation of costs and
would thus be prohibitively expensive. Therefore, the standard mini-
batch gradient g¥, which is readily available, is used instead. Since
the mini-batch gradient g* satisfies E[g* | p*] = V£ (p*), m* is an
EMA of the historical gradients in expectation. Thus, we replace
V£ (p*) by m* for the stochastic optimization case. We extend the
above approximated optimal momentum to general objectives and
stochastic HB, which gives us

mk+1 :ﬁkmk +gk’ Pk+l :Pk _ ymk+1. (63.)

o [[m* — mk=1]| 12
Br+1 = Projjg_g ([1 - YW] ’ (6b)

where gk is Vf(p*) or an unbiased estimate of Vf(p¥). In (6b),
we project fi1 into [0, 1 — 8] to force the estimated momentum
in a valid range. Here, § is used to project fi4; into [0,1 — 6],
keeping it away from 1 and avoiding instability spikes when the
curvature-ratio estimate is volatile. By default, we set § = 0.001 for
deterministic optimization and & = 0.01 for stochastic optimization.
We propose the name “Adaptive Stochastic heavy-ball" (ASHB) for
the algorithm mentioned above when implementing it with sto-
chastic gradient updates. We summarize the ASHB algorithm in
Algorithm 1. The computation required for updating S, involves
only a minimal number of additional algebraic calculations. Hence,
compared to SGD with constant momentum, (6) does not introduce
substantial computational overhead. Even in distributed settings,
the communication costs are also comparable to the distributed
momentum methods. There is a small amount of extra computation
involved for finding the [|m* — m*~!|| and || p* — p*~!|| distances
with the vectors locally available. For data-parallel training, no ex-
tra cross-worker communication or synchronization is introduced
beyond the gradient all-reduce.
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Algorithm 1 Adaptive Stochastic heavy-ball (ASHB)

Algorithm 3 Ada with Adaptive Momentum (Ada?m)

Require: parameters y > 0,8 > 0, batch size m € Z*
Initialization: p° = p!, B, = 0
fork=12,...
step 1: get g¥ = 2 Vi (PF)/m
step 2: update as (6)
end for

Fast f estimation via top-K statistics in practical DNN training.
Computing the new f requires estimating the norms of differences
for momentums and parameters over a parameter group. A dense
implementation that accumulates these quantities over all tensors
in the model would introduce an extra full-model pass and would
also require storing history buffers for every parameter tensor. To
reduce this overhead, we adopt a fast engineering approximation:
for each parameter group, we select a small subset of top-K ten-
sors by size, ignoring tiny tensors below a threshold, and estimate
the differences by accumulating squared # norms only over this
subset. This typically captures the dominant contribution while
substantially reducing computation and memory.

3 Extensions to Proximal Algorithms and Adam

In this section, we present two extensions of ASHB. One is a proxi-
mal algorithm for composite optimization, and the other is Adam
for deep learning.

3.1 Extension to Proximal Algorithms

Proximal algorithms are used to solve the following composite
problem

min F(p) := f(p) +g(p), p € RY, ™
where we assume that the proximal map of yg, with y > 0, is easy
to compute; in particular, when Prox,(-) := argmin,{yg(p) +

M} has a closed-form solution. Composite optimization has
been widely used in image processing and statistics [11, 47]. To
extend adaptive momentum to proximal gradient descent, we lever-
age the following approximation of the optimal momentum as (6b)
with g¥ = V£ (p¥) for f(p) in (7). We call the resulting algorithm
proximal adaptive heavy-ball (PAHB), which is summarized in Al-

gorithm 2.

3.2 Extension to Adam Algorithms

Adam [21] can be viewed as an adaptive-learning-rate method with
momentum. We can further integrate adaptive momentum (4) with
Adam, and we call the resulting algorithm Ada?m. Again, we omit
the bias correction steps for the sake of presentation. We summarize
Ada?m in Algorithm 3.

Algorithm 2 Proximal Adaptive heavy-ball

Require: parameters y > 0, ﬁ >0
Initialization: p° = p!, B = 0
fork=12,...
step 1: m**! = gm* + g*
step 2: pF*! = Prox,, 4[p* — yxm
step 3: update as (6b) with § « /?
end for

k+1]

Require: parameters (yi)kso € (0,400), 0 < § < 1, ()ks0 €
[0, 1)
Initialization: 0°, po = pl, Bo=0
fork=1,2,...

k+1 mk

ok

P Yk [uk]%
step 2: get g* = 37, V£, (pF)/m
step 3: m**! = Bm* + (1 - ) g*

step 1: p

step 4: 0" = o of + (1 - o) [gF]?
step 5: update as (6b)
end for

4 Convergence Analysis

In this section, we analyze the convergence of the proposed algo-
rithms.

Assumption 1: The stochastic gradient is an unbiased estimator
of the full gradient; that is,

Eg* = V£ (pb).

Assumption 2: The gradient of f is Lipschitz continuous with
constant L > 0. This implies that for any h and z belonging to R?,
the following inequality holds

IVf(h) = Vf(2)|l < Lllh - z||.

Assumption 3: The stochastic gradient is bounded uniformly,
indicating that
sup llg"ll <R,
k

where R is a positive constant.

These assumptions are standard abstractions for analyzing first-
order methods and are closely aligned with routine training practice
[6]. More specifically: (i) the unbiased-gradient assumption follows
from mini-batch sampling; if a small bias is present, convergence
is expected to hold up to a neighborhood whose size is propor-
tional to the bias; (ii) L-smoothness is effectively satisfied along the
optimization trajectory under normal step sizes; when only local
smoothness holds, the analysis uses the corresponding local smooth-
ness constant and the qualitative behavior remains unchanged; and
(iii) bounded gradients typically hold in practice because training
operates with controlled step sizes, and the gradients are naturally
limited by the loss smoothness and data distribution.

4.1 Convergence of ASHB

We prove the convergence of ASHB in strongly convex (Theo-
rem 4.1), general convex (Theorem 4.2), and nonconvex (Theo-
rem 4.3) settings. The detailed proofs can be found at https://www.
researchgate.net/publication/405147079_Adaptive_Momentum_by_
Momentum_for_Deep_Neural Network_Training.

THEOREM 4.1 (STRONG CONVEXITY CASE). Consider a function
f(p) that is strongly convex and twice-differentiable. Let { p*} s be
generated by the SGD with varying momentums {fy }x>o C [0, 1-6].
We assume that

0<v< rr;in{ﬂmm(vzf(P))} < m;x{amaxwzf(p))} <L,
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and that Assumptions 1, 2, and 3 hold. Under these assumptions, if
Y < 1/L, we can derive the following results,

Ellp* - p"II* < (1 =2y Ellp" - p"II* + Cuy.
where C; > 0 is a constant independent of y, d, and K.

The convergence rate obtained in Theorem 4.1 exhibits similar-
ities to the behavior of SGD for strongly convex optimization. In
other words, it starts with a linear rate at the initial stages. Addi-
tionally, to eliminate the error term present in the aforementioned
convergence rate, it is necessary to employ a diminishing learn-
ing rate. Consequently, in order to achieve an error of € > 0 for
E| pX — p*||, it is required to set

Yy =0(e), K = O(%lné).

Regarding the convergence of Algorithm 1 in general convex
cases, we can describe it as follows.

THEOREM 4.2 (GENERAL CONVEXITY CASE). Consider a convex
function f and let {p*} >, be generated by the SGD with varying
momentums { Py }k>o C [0,1 — 8]. Assuming that Assumptions 1, 2,
and 3 are satisfied, if y < 1/L, we can then conclude the following
result

K
Bf( ) p*/K) - minf < Bllp! - p'lI*/(2/K) + G,
k=1

where C; > 0 is a constant independent of y, d, and K.

In order to attain the targeted error tolerance € > 0, it is neces-
sary to assign y = ©(e) and determine K = O (eiz) When dealing
with general nonconvex optimization problems, the convergence
is usually assessed by monitoring the norm of the gradients. Em-
ploying this conventional technique, we can provide the ensuing
convergence guarantee for ASHB in the realm of nonconvex opti-
mization.

THEOREM 4.3 (NONCONVEX CASE). Consider the sequence {p*}is1
generated by the SGD with varying momentums { Sy } x>0 C [0,1—6],
under the assumptions that Assumptions 1, 2, and 3 hold, if y < 1/L,
we can deduce the following result

Cs(f(p') — min f)

. EIV k(12 <C
 min {B[|Vf(pD)I"} < Gy + K

where Cs,Cq > 0 are constants independent of y, d, and K

In order to attain an error tolerance of e for min; <x<x E||Vf(p*)||%
it suffices to set y = ©(¢) and K = O(eiz) Although theoretical
acceleration is not established here, these results show that ASHB
preserves the standard convergence guarantees of SGD-type meth-
ods. Empirically, as shown below, the proposed adaptive momentum
often leads to faster optimization and better generalization.

4.2 Convergence of PAHB

In this subsection, we analyze the convergence of PAHB; we sum-
marize our theoretical convergence guarantee for PAHB in the
following proposition.
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PROPOSITION 4.4 (CONVERGENCE OF PAHB). Assume that { p*} s
is generated by PAHB. If g is nonconvex, and y; = c(llﬂ with

0<c<1,and {fr}rs1 C [0, f] with f < Z=5. Then we have

3-2¢°
DM = pFIIP < oo,
k
If g is convex, the result still holds when yy = % with0 < ¢ < 1,

and {Bi}ks1 C [0, f] with B < g%z

4.3 Convergence of Ada’m

In this subsection, we discuss the convergence of Ada?m for non-
convex optimization. We summarize the convergence of Ada?m in
the following proposition.

PROPOSITION 4.5 (CONVERGENCE OF ADA%M). Let {pk}kzl be
generated by Ada*m with varying momentums { By x>0 C [0,1 - &].
Letay =  and yy = \/LE for somey > 0, and ||g'|| = & > 0. Then,

InK
in {BIVf(p")I1?} =0~ ).
min IV (o)1) = 0

We provide technical proofs for all the above theoretical results

in the appendix.

5 Numerical Results

This section evaluates the effectiveness of the proposed adaptive
momentum for training various machine learning models, including
regularized logistic regression models, ResNets, RNNs, and trans-
formers. In all the following experiments, we show the advantage
of the adaptive momentum (4) over the baseline algorithms with
a well-calibrated momentum. All experiments are conducted on
a server with 4 NVIDIA 3080TI GPUs. The code can be found at
https://github.com/nudtsuntao1991/adaptivemomentum.

5.1 Regularized Logistic Regression

Consider training the following regularized logistic regression
model

min{F(p) := f(p) + AR(p)}, ®)

n

where f(p) = % imq log(1+ exp(—biAiTp)), n is the sample size,
A eRisa training sample, b; € {—1, 1} is the label of A;, and
A =0.001. Here, we consider both £ (R(z) = ||z||;) and & (R(z) =
||z||3) regularization.

For (8), we compute the exact gradient of f(p) and compare
PAHB with three well-studied benchmark algorithms, namely, prox-
imal gradient descent (PGD), accelerated proximal gradient descent
(APGD) [46], and proximal heavy-ball (PHB) (replace fi with a
constant f in PAHB). We set n = d = 1000 and let [A1, Az, - -+, Ap]
be the n X d multivariate-normal matrix with the covariance ma-
trix being Toeplitz, whose first row is [0.9%,0.9%,---]. p € R1000
is a vector whose i-th entry is (=1)’e™/1% for 0 < i < 500 and 0
otherwise. b; is a binomial random variable with probability ATh
to take the value 1.

Fig. 2 shows the comparisons between the above four algorithms,
where we begin with zero initialization and use a learning rate of
0.1 for the above four algorithms. For PHB, we set f = 0.9, which is
obtained by grid search. It is seen that PHB is faster than PGD, and
adaptive momentum can remarkably accelerate PHB. Moreover,
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Figure 2: Iteration (k) vs. || p* — p*|| and |F(p*) — F(p*)|, which
are obtained by using different optimization algorithms for
solving regularized logistic regression problem. PAHB out-
performs PHB with both #;- and /;-regularizers; PAHB is the
fastest algorithm when the ¢, regularization is used. We ob-
tain the minimum p* for both regularizers by running PGD
for 10° iterations.

PAHB is the fastest solver for solving the £-regularized logistic
regression problem among the above four algorithms.

5.2 Training DNNs for Image Classification

5.2.1 ResNets for CIFAR Classification. For CIFAR10 classification,
we train PreResNet20/56/110 models with pre-activation [19]. These
models are trained using a batch size of 128 on a dataset that consists
of 50,000 images in the training set and 10,000 images in the test
set.

SGDM and QHM vs. ASHB. We next conduct CIFAR10 training
by using SGDM and ASHB. First, we show that ASHB is more
robust to different learning rates. Fig. 3 shows the training curves
of SGDM (f = 0.9), and QHM (f; = 0.9, f = 0.7 as defaults in [31])
and ASHB using different learning rates for training PreResNet20.
These results show that with the same learning rate, ASHB is more
resilient to larger learning rates than SGDM and to smaller learning
rates than QHM. For instance, when the learning rate is 0.3, the
training loss of SGDM does not decrease in the last 50 epochs. When
the learning rate is 0.01, the training loss of SGDM plateaus after
80 epochs. While for both cases, the training loss of ASHB keeps
decaying.

Second, we provide evidence to demonstrate that the implemen-
tation of ASHB has the potential to significantly enhance the test
accuracy of the trained models. We train the above three ResNet
models using SGDM, QHM and ASHB for 200 epochs, respectively.
For all algorithms, we apply the commonly used initial learning
rate of 0.1. The learning rate is decayed by a factor of 10 at the
80th, 120th, and 160th epochs, respectively. We also follow the
same learning rate decay schedule as SGDM, applying the decay
at the 80th, 120th, and 160th epochs. Table 1 lists the test accuracy
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Figure 3: Comparison of SGDM, QHM and ASHB under vari-
ous learning rates. ASHB with learning rate 0.1 enjoys the
best final test accuracy. Furthermore, ASHB exhibits greater
resilience to large or small learning rates compared to SGDM
and QHM.
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Figure 4: Comparison of training loss with different optimiz-
ers during the training of PreResNet20 for CIFAR10 classifi-
cation.

Table 1: Test accuracy (top-1,%) of PreResNet20/56/110 for CI-
FAR10 classification, where the models are trained by SGDM,
QHM and ASHB algorithms.

Model | PreResNet20 | PreResNet56 | PreResNet110
SGDM | 91.83 +0.09 93.32 +£0.10 93.72 £ 0.14
QHM 90.89 + 0.04 92.99 + 0.06 92.44 + 0.09
ASHB | 92.16 +0.04 93.86 + 0.04 94.21 £ 0.07

of the above three models trained by three different optimizers.
ASHB consistently outperforms SGDM and QHM in classification
accuracy.

Adam-style algorithms. In our experiments, we evaluate the per-
formance of three kinds of adaptive-style algorithms, Adam (with
bias-correction) [21, 29] in the PyTorch [36], LION [7] and QH-
MAdam [31]. We train ResNets using these algorithms for 200
epochs. For Adam, we start with an initial learning rate of 0.003.
The choice of the initial learning rate was determined through a
grid search. We also apply a learning rate decay by a factor of 10 at
the 80th, 120th, and 160th epochs. The weight decay is set to 0.0005.
Meanwhile, we train ResNets by other optimizers using the same
setting as that used in Adam®. The momentums settings follow
suggested by the defaults of non-ASHB algorithms. Table 2 lists
the test accuracy of all algorithms applied to the tasks. We see that
adaptive momentum can consistently improve test accuracy for all

3Note that the learning rate is optimized for Adam rather than for other optimizers.
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Table 2: Test accuracy (top-1, %) of PreResNet20/56/110 for
CIFAR10 classification, where the models are trained by the
Adam-style algorithms.

Model PreResNet20 | PreResNet56 | PreResNet110
QHMAdam | 88.98 +0.08 | 90.17 £ 0.10 90.89 £ 0.11
LION 89.94 £ 0.06 | 85.68 = 0.06 91.22 £ 0.09
Adam 90.65 £ 0.09 | 91.54+0.11 92.11 £0.16
Ada’m 90.99 +£0.08 | 91.81 +0.06 92.28 £ 0.07
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Figure 5: Training vision transformer with adaptive algo-
rithms, including Adam, Ada’m, LION, and QHMAdam.
Ada’m performs best in the test accuracy and training loss.

three ResNet models. Fig. 4 plots training curves of the four Adam-
style algorithms in training PreResNet20 for CIFAR classification.
We see that Ada?m is among the fastest algorithms for this task.

5.2.2 Vision Transformer Training. We further train the vision
transformer [14] from scratch for CIFAR10 classification. Because
the adaptive methods always perform better than non-adaptive
ones, this test only considers the adaptive optimizers. We utilize the
existing PyTorch implementation of the vision transformer with
the same configuration at https://github.com/kentaroy47/vision-
transformers-cifar10, except for the learning rate decay. In our case,
we decrease the learning rate by a factor of 10 at the 60th and 80th
epochs, respectively. The tuning learning rate for Adam, in this
case, is 0.005, and we also run other adaptive algorithms with this
learning rate. Note that LION performs poorly under this learning
rate since the hyperparameters were optimized for Adam. Fig. 5
plots the test accuracy and training loss curves for different settings,
and these results show that Ada?m outperforms other methods in
test accuracy and training loss even under the learning rate tuned
for Adam.

5.3 ResNets for ImageNet Classification

In this section, we report the results obtained from our experiments
conducted on the 1000-way ImageNet classification task [41]. We
train ResNet18, whose implementation is available at https://github.
com/LiyuanLucasLiu/RAdam/tree/master/cifar_imagenet [28], us-
ing SGDM (B = 0.9), QHM (6 = 0.9, { = 0.7), ASHB with five
different random seeds. In accordance with standard practice, we
train each model for a total of 100 epochs, implementing learning
rate reductions at specific epochs. For all algorithms, we commence
training with an initial learning rate of 0.1 and subsequently de-
crease it by a factor of 10 at the 31st, 61st and 91st epochs. Moreover,
we set the weight decay to be 0.0001. Each run uses four NVIDIA
RTX 3090 Ti GPUs with a per-GPU batch size of 128, giving a total
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Figure 6: Epochs vs. (top-1) training and test accuracy of
ResNet18 trained using SGDM, QHM, and ASHB for ImageNet
classification.

Table 3: Test accuracy (top-1, %) of ResNet18 for ImageNet
classification trained by SGDM, QHM, and ASHB.

Model | ResNet18 on ImageNet
SGDM 70.01 £ 0.049
QHM 64.71 + 0.041
ASHB 70.35 £ 0.052

batch size of 512. Table 3 lists the top-1 accuracies of the mod-
els trained by three different optimization algorithms; we see that
ASHB can outperform SGDM and QHM in this test. Fig. 6 plots
the evolution of training and test accuracies. For a given learning
rate, e.g., 0.1, ASHB converges slightly faster than SGDM, with also
better final test accuracy.

5.4 Training DNNs for Natural Language
Processing

RNN. We train RNN models for the benchmark word-level Penn
Treebank (PTB) language modeling. We use the benchmark im-
plementation and the default training settings of the AWD-LSTM
model at https://github.com/salesforce/awd-1stm-1m; we switch the
optimizer among QHMAdam, Adam, Ada?m, and LION. The used
RNN is a standard word-level language model with a 3-layer tanh
RNN. Tokens are mapped to 650-dimensional embeddings, with
hidden size 650 and dropout 0.5 applied between recurrent layers,
and the resulting hidden states are projected to vocabulary logits
via a linear output layer. We train with batch size 20 and sequence
length 35. We use a learning rate of 0.001 for QHMAdam, Adam,
and Ada2m, and 0.0001 for LION. We run the algorithms with 30
epochs, the initial learning rate is multiplied with 0.1 after every
10 epochs. QHMAdam and LION perform poorly in this setting.
Fig. 7 depicts the training and test curves of different optimizers.
We see that although the adaptive momentum scheme performs
similarly to the Adam in training process, the test perplexity can
be well improved.

Transformers. To further verify the efficiency of adaptive momen-
tum for training language models, we train a transformer model
for neural machine translation. Here, we train the transformer, im-
plementation is available at https://github.com/juntang-zhuang/
fairseq-adabelief, on the benchmark IWSLT14 De-En dataset. We
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Figure 7: Training and test curves of Adam and Ada?m, for
the word-level Penn Treebank benchmark. Lower is better.

note that Adam with warmup is the default optimization algo-
rithm for training transformers on this task; we compare Adam and
Ada?m on this task (LION and QHMAdam perform quite poorly in
this test). We search the learning rate for both Adam and Ada?m
from the learning rate set {0.0005, 0.0006, 0.0007,0.0008, 0.0009},
and we found 0.0007 is the optimal learning rate for both optimiz-
ers. We conduct experiments using five different random seeds
and report their mean and standard deviation of the BLEU score
(a higher BLEU score is better). For Adam with warmup, the mean
(std) BLEU score is 35.11 (0.147) *. Meanwhile, the mean (std) BLEU
score instead is 35.32 (0.061) for Ada’m with the warmup.

5.5 Transformers for Covertype Tabular
Learning

In this section, we investigate the performance of Transformers on
the Covertype tabular learning task [5]. The Covertype dataset con-
tains 581,012 samples with 54 features, including continuous carto-
graphic variables and binary indicator features. Following standard
practice for tabular learning, we standardize continuous features
using the statistics computed on the training split, while keeping
the binary features unchanged. We adopt an FT-Transformer style
architecture [18], consisting of a tokenization layer for numerical
features and a stack of Transformer encoder blocks, followed by
a linear classification head. We use h = 8 attention heads, token
dimension d = 192, and dropout rate 0.1. We train the model using
QHMAdam, Adam, Ada?m, and LION, and report results over five
different random seeds. For QHMAdam, Adam, Ada’m, we train
for a total of 40 epochs with an initial learning rate of 1073, and set
10~* for LION. We decrease the learning rate by a factor of 10 at the
11th, 21st, and 31st epochs. We set the weight decay to be 10™* and
use a batch size of 1024. Fig. 8 illustrates the evolution of training
and test metrics across epochs. Overall, we observe that Ada’m
yields consistently faster optimization under the same learning-rate
schedule, and achieves competitive final generalization compared
with others.

5.6 Time-Series Classification on the UCR
Archive
In this part, we investigate the performance of our optimizers on

the UCR Time Series Archive (Fall 2018 expansion) [9, 10], a widely-
used benchmark suite for univariate time-series classification. The

“The reported BLEU score at https://github.com/juntang-zhuang/fairseq-adabelief is
35.02.
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Figure 8: Test accuracy and training loss curves of QHMAdam,
Adam, Ada’m, and LION for the Covertype tabular learning,.
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Figure 9: Test accuracy and training loss curves of QHMAdam,
Adam, Ada’m, and LION, for the UCR Archive.

archive contains 128 datasets, each equipped with a predefined
TRAIN/TEST split for reproducible evaluation. We use the official
UCR. tsv format: each row corresponds to one time-series exem-
plar, the first entry is the class label, and the remaining entries are
the time-series values. Following common practice in time-series
classification, we apply per-series z-normalization on the fly before
feeding the data to the network. We adopt an InceptionTime-style
1D convolutional architecture [20], which stacks multiple Incep-
tion blocks (parallel 1D convolutions with different kernel sizes) to
capture multi-scale temporal patterns, followed by global average
pooling and a linear classification head. We train the model using
QHMAdam, Adam, Ada?m, and LION. For all algorithms, we train
for a total of 30 epochs with an initial learning rate of 1073, We
decrease the learning rate by a factor of 10 at the 21st epoch. We
set the weight decay to be 10™* and use a batch size of 256. Fig. 9
illustrates the evolution of training loss and test accuracy across
epochs. Overall, we observe that Ada?m consistently achieves com-
petitive final generalization compared to other optimizers on the
UCR benchmark under the same learning rate schedule.

6 Conclusion

This paper presents an adaptive momentum method that alleviates
the burden of tuning the momentum hyperparameter in the heavy-
ball method. Starting from a fine-grained analysis of the heavy-ball
method on quadratic objectives, we characterize the momentum
choice that is optimal in terms of local curvature, and then design
a lightweight curvature-ratio estimator that can be computed from
quantities already available during training (consecutive iterates
and gradients). The proposed adaptive momentum is seamlessly
integrated into several widely used benchmark algorithms, such as
proximal gradient descent, momentum-based stochastic gradient
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descent, and methods with adaptive learning rate. Theoretically,
we establish convergence guarantees for the above benchmark
algorithms with the newly developed adaptive momentum.
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A.1 Detailed form of Laplacian matrix of a cyclic graph in numerical verification for Lemma 2.2

2 -1 0 - 0 -1
-1 2 -1 -~ 0 0

p=[0 -1 2 -+ 0 0| pixd
-1 0 0 -1 2

A.2 Influence of the Momentum in SGDM

To claim that different momentums affect the training performance, this subsection presents a test with ResNet18 on CIFAR100. We run the
SGDM with different momentums as {0.88,0.9,0.92,0.94} and ASHB with 200 epochs. We follow our hyperparameter settings in the main
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Table 4: Test accuracy (top-1,%) of ResNet18 for CIFAR10 classification trained by SGDM under different momentums with SGD.

g | 08 | 09 | 092 [ 094
SGDM | 89.46 + 0.10 | 90.07 = 0.10 | 90.04 £ 0.09 | 90.14 % 0.08

text. The initialization learning rates are set as 0.1 for SGDM and multiplied with 0.1 at 80th, 120th and 160th epoch. The weight decay is set

as 0.0001 and batchsize is set as 128. The results are reported in Tab. 4. We can see that the performance is still influenced by the slight
changes of the momentum.

B Proofs of the Main Results

B.1 Technical Lemmas

LEMMA B.1. Suppose f possesses a Lipschitz gradient with a constant L > 0, and assume that { p* } > is produced by (6). It can be deduced
that

_ R
sup [p* = ' < = ©)
k
and
K 212
_ KR
N e (10)
k=1
Proof: It holds that
lyg Il = 11" = p“ll = 1Bk (p" = P DI |
= g™ = phI-a-olp* -1
Thus,
k2 kel _ K k_ k1)
lvg I = (119" = o1l - (1 - )llp* - 1)
= 1P = pEIP =21 = 9)l1p"* = pFIl - 1" = Pl + (1= 8)%1p" = p P
> 8llpt - pMIP - 5(1 - 0)lIp* - pF 1. (11)
By using the Mathematical Induction (MI) method, we then get (9). Adding up equation (11) from k = 1 to K, we obtain
K K-1
8 3 Mlp* = PP < Y VA llgIP < v KR (12)
k=1 k=1

LEMMA B.2. Assume that the function f has a Lipschitz gradient with a positive constant L. Furthermore, consider the sequence {p*}rso
generated by the equation (6). Then, it follows that

K _ 5 K
D BB, o) < L2 S mppt - i (13)
k=1 k=1

Proof: Direct computation yields

(VEPM), pF = p* 1) = (VF(P ). o5 = P + (VF(PF) = VF(p ). pF - pF1)
<(VF(PF . pF = p* 1) + LIpF - P
= (VF(PF™), —yg" ! + Boa (P = pF78)) + LIIp* - pF 1%
Taking expectation, we then get
E(VE(pb). p* - p*7)

< —yEIVFP DI + Bt ECVF(pF), (0571 = p*72)) + LE||p* — pF 1|12
< B BV (pFY), (pF71 = pF7%)) + LE||p* — p* 1%
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With induction and the fact that p! = p°, we then get

k-1 k-1

BECVF(pb). p* = )y <L Y ([ | BElp! - o711
i=1 j=i
k

< Lz(l _ 5)k+l_iE|lpi _Pi—1||2.

i=1
Thus, we have

K
D BEVF(p5), pF = )
k=1

<Ly

1-8)L < i
S( 5 ) ZE”Pk_Pk 1”24
k=1

(1 _ 6)k+l—1E”pt _ Pt—l||2
k=1 i=1

1

—_

LEMMA B.3. Given the convex function f with a Lipschitz gradient and a constant L > 0, and assuming that the sequence {p*} s is generated
by the algorithm (6), it can be proven that

K (1 _ 5) K
D BB =gt pf = pt ) < = Bl - pE
k=1 k=1

(14)
Proof: We can have
(- p"p" =)
= (pF 1= pt, pF = PNy 4+ (pF — PRI pF = pFY)
==y =g T H Bl - T T - P PR - P
Taking expectation, we derive
E(pt - p' p - p") =y - pn VF(PTY)
+ Bt BT = pt p = P + BlIpE - pR
< BB =t p" - p) + EllpE - PP, (15)
where we used —yE(p*~! — p*, VF(p*~ 1)) < —E(Ff(p*~") — f(p*)) < 0. With induction and the fact that p' = p°, we are then led to
k=1 k-1
BeE(p* - 7, p = p* ) < D[ ] BBl - PP
=1 j=i

<

M~

(1 _ 5)k+1*iE”pi _ pi71”2’

I
—_

Thus, we can get

K
D BB - pt pF - pF )

k=1
K k ) . )
< Z Z(l _ 5)k+1ﬂE”pz _ PPIHZ
k=1 i=1
(1=8) g ok _ pk-1p2
<5 DBl - P

LEMMA B.4. Assume {p*}is¢ is generated by Ada®m and conditions of (4.5) hold. Let By := yﬁEHmk/[(vk)%] |I2. We have

K K-1 )/2 . )
B < ) GBI /)],
k=1 Jj=1

wherew/ := {:1 [g1%
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. k [i2
Proof: Recalling m* = Z LY B (1 - Bj)gf and oF = Zalgl w* e then have
g _j+1 2 k k

yllm* /(5121 = mek/(vk) §

-1
_ i 1
vl ) (5, gl (09)7 P

o~

<

b .
|
—_ =

NN

I I pogl 1w E P,

i=1 Jj=1
where we used yx = \/LE That is further bounded by
d k-1 ; X
DD (=8 gl w2l
=1 j=1
d k-1
a) (.q )
DN EONCETI A E Z(l g1 =
i=1 Jj=1 Jj=1 l
d 1 k-1
<5 A= (g
i=1 =1
v S k=1-j ¢ J k
=5 20-9 i) wE I
j=1

(1=8) 1 (g")? wlls,

here a) is due to (Zk Lajbj)? < Zk a2 Zk ! bZ witha; = (1- 5)# and b; = (1 -
can further get

ky i J k :
£)2,and b) usesw; <w as j < k. We

k_l . . .
(1=l Wl
j=1
-1 K-
>, 2, =9l Wl
k=j+1
-1 K-1 ) . )
(1= 7"kll(g")* Wl

1 k:j+1

agle

=

™M

INS
=

j
Z 1 l(g)? /Wj”l
52

K rgki2
where c) depends on the fact that o* = M, The result is proved by combining the inequalities above.

LEMMA B.5. Let the sequence { p*} o be generated by Ada®m, and

T = B (—pe(V (b, mb (0 D)),
it then follows

Yo < —y(1 - BOEIVF(P)2 /W) 2]y + Biley + R,
with Ry := fLE—; + YRR+ D) - X [ —— - —L

(wk)E (w2
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Proof: The scheme of the algorithm gives us
1
Yo = E (- (VF(ph), m [ 0) ) | 1)

=B (-p(VF(phm W)y | )

I
+B (((VF(pEmE /wE = mb ) ) | ).

I

Next, we will proceed to establish upper bounds for the terms I and II. Utilizing Cauchy’s inequality, we can derive the following expressions

< B(p(VF(pk), m* [ wE )2 —mF/(wh)2) | 45

d
<yIVFEO - llm®]l- JZu/(wﬁ-l)% —1/(wk)2)2
j=1

Syﬁ’(R+D)-Zd:[ L1
= Wi (w2

where the last inequality holds due to w}“—l < wj? . The scheme of the algorithm gives us

T=—y(1 - BOllIVF(P) P/ W) 2 [l —y B(VF(pF), mE 1/ (wh 1) 7).

=1

Based on the inequality above, we derive
- - il
I= 9= yB(VF (). m* 1/ wEE)

=4
+yB(VL(PE) = VE(pR), mF T wk )

a) _ _ g1
< Q- §+yBeLllp" - pFll - IImF =t (wE 2|

b) _ 11
< H-§+ P BeLlm* 1/ w2 |2,
where a) is derived using Cauchy’s inequality in conjunction with the gradient Lipschitz property, while b) is obtained from the Ada?m
scheme. By taking the total expectations, we obtain:
Tt
EL< —y(1- BoEIVF(p)1?/ W )2
+ PiYi—1 + PrlEg-1.

Combining I and II, we are then led to the final result.

B.2 Proof of Lemma 2.1

k
Denote that r¥ := [ PI,:_l ] the heavy-ball can be rewritten as

k+1 _ ok -vb
r =Tr" + 0 ]
where
T=((1+ﬂ)II—yA —(,)BI) (16)

. - . —-yb
Denote p* as the vector that minimizes f, ie., Ap* + b = 0. Then, r* := [ Z* ] satisfies Tr* =r* + ())/ ] Therefore, we can get

rF - =T =) = TR - 7).
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We now focus on utilizing the eigenvalues of T, specifically the complex number A that satisfies

(A-1-BI+yA pI ) _
det I T =0.

Notice that T is non-singular, and all eigenvalues are nonzero. We are then led to

A=+ pyr-yan =o

Hence, when considering an eigenvalue A* of (1 + f)I — yA, we only need to examine

A+§:)L*. (17)

det((A +

To guarantee the convergence, A is required to be || < 1.
Convergence: a) If 0 < y < “_Lﬂ 0XyAx(1- \/ﬁ)z, and1+ > A" > 2\/E, which means (17) has real solutions. The function
h(A) :=A+ g is monotonic on [\/ﬁ, 1]. Due to the fact that
h(v/B) =2yB < h(D) = 2" < 1+ B =h(}),
equation (17) has one root over (\/B 1). Similarly, it has another root in (0, \/ﬁ)
b) When (1,y3)2 <y< (IHL/E)Z, (1+ \/ﬁ)zl ZyAx(1- \/E)ZI. And then —2\/B <A< 2\/3 The equation has complex roots x and x,

A

1+

2
_ 2 2
which obeys xx = |x|? = 8 < 1. In this case, we need @y < % ie,f> (1—) .

i<

Optimal choice: For any fixed y < % (1+p) —yL<A* <1+ p)—yw
a)lf (1+p)—yL > 2\/ﬁ, which is equivalent to f < (1 - VrL)?, then the larger root of (17) is given by
A+ 4/ (A*)2 -4
2
To minimize the right-hand side, we can set f = 0, resulting in

SA<S(A+p) —yv

Amax < 1—yv

b)If (1+ f) —yv < 2\/E, which is equivalent to f > (1 — 4/yv)?, the equation has complex roots whose norms are both f. The optimal
choice is then § = (1 — 4/yv)? and then
Amax <1- W

It is easy to see that 1 — 4/yv is smaller than 1 — yv.
According to Gelfand’s Theorem, for every infinitesimally small value of € > 0, a constant K(A, €) can always be found to satisfy the
following condition

rF—r < (1= v+ oF|Ir® - |
forall k > K(A,e).

B.3 Proof of Lemma 2.2

Consider the fact that
(rk+1 _ rk) — T(rk _ rk—l).

A7) 2 -
M.Thus, the

Recall the matrix (16). For A* being the largest eigenvalue of (1 + )I — yA, the larger root can be calculated as

largest eigenvalue of T is
By + OHP- PP
= 5 .
Assume x satisfies [(1 + f)I — yA]x = A*x. Here, x corresponds to the minimum eigenvalue of A. It then follows

T(tx)zt*(tx),
x x

) admits the eigenvector with t*. Given that A has a distinct minimum eigenvalue, the matrix T likewise possesses

*

T I'x
indicating that v := (

a single maximum eigenvalue. Utilizing the Jordan canonical form, we can obtain a matrix Q = [v, ...] such that

t* 1 ) “k
Q( H)[Q] =T, lim(H/t")* =0
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k k-1
Recall zF := [ Pi—P _ ],wehave
Pk l—pk 2
(t*)k—3

=T =0 ( i ) Q171"

As k becomes sufficiently large,

1¥)k-3 B
Zk“Q(( ) 0)[Q] '2
={[QI7'2*}1(")**v € Range(v).

(pF—p*~1x)|

That is also limg | - = 1. Therefore, we are then led to
llo%— k=111l

Tl N VO |
kollpk—pF=tl Tk (Ipk - pk

B.4 Proof of Theorem 4.1
With direct computations, we get
Ellp**! - p*|I?
=Ellp* - p"II> - 2vE(p" - p", V(M) + BE(P" - p71 p* - p*) + EllB(p* - p*71) - vg"II?

<Ellp* - p*II* - 2y (Bf (p¥) — £(p)) + BE(P* — p", p* — p) + 2Bl I p* — p* 117 + 2Bl " |I%.

Note that (15) still holds, from which we can use the MI method to prove

" B (1-96)R?
BE(P* - p' p" = P < 1"

With the strongly convex property, (18) then gives us
(1-8)R* , . 4R?

Elp™ - p'lI* < (1= 2ymEBllpt - p'II° + v+ oy
Therefore, we get
. ) (1+36)R?
Ellp* - p*II* < (1 = 2y)*Ellp° - p*|I° + —5—
28%y
By setting C; := %, we then proved the result.

B.5 Proof of Theorem 4.2
The inequality (18) still holds. Then, we get

2y(Ef(p*) - f(p*)) <Ellp* - p*II* - Ellp**" - p*|I?
+ BE(p* - pF P - pY)
+2E||p* - pFI1% + 2°Ell gk |I%.

Summing from k =1 to K and using Lemma B.3, we have

K
2y > (EBf (") - F(p"))
k=1

K K K
) : _
<Elp' - p'IF + =5 Y Bl = p* 1P + 2 ) Ellpt — I 420" ) ElGHIP
k=1 k=1 k=1

(1+96) y’KR?

<E|lp' - p*l* + +2y°R°K.
<Elp -p'll 5 52 Y
The convexity property of f provides us with
K k 1 ® (12 2
o P Elp - p*lI" | (1+9)yR
Ef(Zk=l2 ) _ f(p*) < + +yR?.
f(—x—) - flp) = 2K 753 Y

_ (148)R?

Letting C; := “—5— + R?, we then get the result.

(19)
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B.6 Proof of Theorem 4.3

The Lipschitz condition implies
L
FON < £+ TF (5, 1 = p5) + SlIp T - NI

= F(0) = V(8. 69 + CTF (), = ) + ZlpH — g

By taking the expectation, we obtain

_ L
BF(p) < BF(p) = EIVF(PNI” + EA(VF(Y). p* = 97 + JEIP - pHI1.
By leveraging Lemmas B.1 and B.2, we are consequently led to the following conclusion
( 5) K+1

K
,; LRIV < - Z E|IVf(pM)II” + ZEnp - p*IP + f(p") —minf.

Therefore,
4(1-8)(1- LR 2(1-8)(f(p°) — min f)
: ky 2 2
min (EIVF(pH)I} < e e .
_ _9S)[R?
By denoting Cs := % and C4 := 2(1 — 0), we get the result.

C Proofs of Propositions and Details in Main Text
C.1 Proof of Proposition 4.4

The definition of the proximal map gives us

p**! = [p* — i VF(pF) + B (p* — pF" DI

Yeg(p**") +

2
Ip* = [P = v VF(PF) + Br(p* = P DIIIP
< yeg(p) + 12— 1P yfp2 Be(p" —p .
After simplification, we are led to
k+1 k
k
o) =) < (P B () + D = ), g ), (20
The gradient Lipschitz property of f indicates
L
FOD = (") < (VF(ph), p™ = p1) + 1P = pMII (21)
Combining (20) and (21), we get
k - L 1
F(p) — F(p) = Pogpt = bt bt = gy o (2= L)k e
Vi 2 2y
) By ok k12 Br \yj kst _ kg2
< ZE)pk - e - pNI%, 22
ALt A IR R LA (22)
where a) uses Schwarz’s inequality (a, b) < %I|a||2 + %||b||2.
Nonconvex case. Define
b, = P _1-p L
k= > ag = - —.
2k 2y 2
Then (22) can be written compactly as
F(p1) = F(p") < billp® = p" 1117 - arllp - p"II” (23)
Substituting yx = e(- zﬁ k) yields
by — BrL _ (=)L L
k= s U = >~ — =
2¢(1 — 2Bk) 2c(1-26) 2

We compute the difference:
1-28)L L L L L(1-
a—be= LWL L L L L9 _ o gk (24)
20(1-2f) 2 2 2 2¢

Hence, ax = by + p > 0 for all k.
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Since by is monotonically increasing in fi on [0, %) we have
BL
B:=supb = ﬁ—,
k 2c(1-2p)
Define the Lyapunov function
Ey = F(p*) + Bl p* - p*7"|I%.
From (23), we can get
Egsr = F(p) + Bl p**! - p|I°
< F(p") + bellp" = p"71I1° = (@~ Bl - pFI1°
< F(p") + Bllp* = p7I1P — (ax = B)[Ip™*" - p|?
= Ex — (ax = B)llp"" - ptII%,
where the second inequality uses by < B. )
By (24), ax — B =by + p — B > p — B. The condition f < % ensures p > B, since
L(1- AL 1-
-0 _§ ¢

” 21~ 2)) = (1-¢)(1-2p)>f = ,B< Y

p>B =

Thus Ex4q < Ex — (p — B)||p**! — p¥||*. Summing from k = 1 to K — 1:

K-1
(p=B) > lIp**" = p*II < Ey — Ex < Ey —inf F < +eo,
k=1
where Ex > inf F because B > 0. Letting K — oo gives 3. [|pF*! — p¥||? < +co.
Convex case. When g is convex, the KK.T. condition gives
k k+1
P-p ﬂk
e Y@+ 0t - P € ag(pt .

By convexity of g,
k+1

R e R W ]

Combining (25) with (21) and applying Young’s inequality yields

- L ﬁk
Fk+1_FkS& k_k12+( kL _ k2.
(P4 = F(p) < gt = g (5 o IR -
Define by, := and ar : 1}{ - 2'87’2 - % = % - % With y, = —C(lzﬁk);
2-2 1- L -
ak—ka—ﬂk—Ezﬂ—E:E—E:L(z C)Z‘DCVX>O.
2¥k 2 c(l—ﬁk) 2 ¢ 2 2¢c

Since by = Zcfi"ﬁ is increasing in i on [0, 1), Beyx := supy, bg =

: 2c <1 2}
gives
_ _ - 2-c
Pevx >Bcvx — (2_6)(1_[3) >)8 - ﬁ< 3_0’
under which ¥ || p**! = p¥||? < +co.
C.2 Proof of Proposition 4.5
With Yy = 0, Lemma B.5 gives us
k k ) ) . k k
Z [Ta-pn|-vEivren? o i)+ Y Ja- %,
=1 i=j =1 i=j

M?r\

k
(1= [ = BNV D] + Y (1 -8 R,

~.
I
_

. The same Lyapunov argument with Ex. := F(p*)+Bey|| p*—p

k— 1”2
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Summation from k = 1 to K,

K K k P
DN L3 (1= 8" = yEIA(P) /W[ + Y D (1= 8/,

=1 k=1 j=1 k=1 j=1

k
< D 5[ IR 6 L] + Y R (27)
j=1

Jj=1

>~
~

Given the Lipschitz continuity of V f at the point p¥, we obtain the following result

FF™) < £ () + (VAR P - )+

= F(0) = (T F (0 mb [ 04) 1)+ B (R I

The total expectation on both sides yields Ef (p**') < Ef(p¥) + Y + 5 Ek, which further yields

| p*+ — pFI?

[R=
Z( “Y) < f(p") ~minf + Z
k=1
Combining (27), we are then led to
K K-1 K
1 _ . L — (R + D)?
5 DU VEIVAPOR /0 < (F(pY) = min )+ 2 > Fe+ Y Rifo 47— (29)
k=1 k=1 k=1 K(m)?
We can directly get
K-1 K K-1 K
L L 1 1
S B+ ) Ri/5< 2 ) Ex+ < ) |flEr +yR(R+D) - - ]
2 = ; r= 5;‘[ ,Z‘ wkhE (W
K-1 2
<( +—)LZ (R+D).
— Kévr

With [Lemma 6.9, [25]] and Lemma B.4, we have
K-1 K-1 5 2
LS S e < (L s Ly K DGED)
5+ 5>L;~k—<2 + 5)L;y15||<g> e L
On the other hand, notice (wk_l)% <Vk—1(R+ D),

kY112
ZyEH [V (PN (0" >ZM

;) 2 [Vk=1(R+D)]
Under these circumstances, we subsequently derive
K . .
) ) (K -=1)(R+ D)? (R+ D)?
> L EIVF(pMI? < 8(f(p") —minf) + (5 + DIy In e
= [Vk-1(R+D)] 2 T K(m)?
With the fact that

K INTE
S EEALIE 5 oVK=T min (RIV 79I,

k=2 Vk -1

we then proved the result.
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